Kaxkplii y9acTHHK IOJy9aeT KOMILIEKT 3 6 3a/a4, IIPH 9TOM KayK/asl U3 HUX CJIVYAiHBIM 00pa30M
BbIOUpaeTcs: u3 4-x BapUaHTOB.
Ilepspre 4 3aa4un MoApa3yMeBaiOT KPATKH OTBET B BUJIE I[€JIOTO YHCJa HJIH JIECITHIHOH TpoOH, OKPYT-
JIEHHOTT J10 coThIx. Bajadn 1noJ HoMepaMu 5 i 6 TpeGyioT pasBepHYTOro pereHnst  (eCJiH 9T Mpeiy-
CMOTPEHO YCJIOBHEM) OTBETA.

7" degree

Task 1.

1. Haitjiure npoussejieHre HATYPAJIbHBIX YUCEJ T U Y, YJOBJIETBOPIIONIUX PABEHCTBY:

42 .y =10

X
(BbIpazkeHUe B ag obosnadaer a + l(—f)
Find = -y while  and y are positive integers satisfying the equality:

T

1 _
L—10
. . b b
(expression like a¢ means a + ¢)
Answer: 14
2. Haiinure nmponsBeieHHe HATYDATBHBIX THCEJ T U Y, YAOBJIETBOPSIONINX PABEHCTBY:
11

(Bbipazkenne Buaa a? obosnauaer a + 2)

Find z -y while z and y are positive integers satisfying the equality:
1,1 _
(expression like a2 means a + 2)
Answer: 6
3. Haiinure nmpousseaeHne HATYPAJbHBIX YUCET T U Y, YAOBIETBOPSIOININX PABEHCTBY:
2 —

1
7

(BbIpazKeHue BH/IA alz’ obo3nagaeT a + %)

Find z -y while  and y are positive integers satisfying the equality:

(expression like a? means a + 2)
Answer: 6

4. Haiimre npousBeienne HATYPAJIbHBIX YUCET X U ¥, YJIOBJIETBOPSIONIUX PABEHCTBY:



(Bbipazkenne Buaa a? obosnauaer a + 2)

Find = -y while z and y are positive integers satisfying the equality:

55 Y11 =6

(expression like a2 means a + 2)

Answer: 2

Solution (ENG). Explaining the solution of the 1st version of the task, the others are solved
similarly.
If y > 3 then 4% : y% > 4% cy >4y > 12 > 10. If y = 1 then 4% = %, which is impossible for positive
integer x. Thus, y = 2. So, z =7 and z -y = 14.

Solution (RUS). Pas6op Bapuanra N1, ocragbHbie PEHIaoTcsi AaHATOTHIHO.
Ecmm y > 3, 10 4% . y% > 4% sy >4y > 12 > 10. Ecm y = 1, 1o 4% = L 10 HeposMoxnO m14

27
HATYDPAJIbHBIX T. 3HAUYUT, ¥y = 2. OTcoJa Jerko HaXoauM ¢ = 7 u x -y = 14.

Task 2.

Bl A B A
A C

1. T
Ha pucynke (cM. Bbilie) u306pazkeH OOJIBIION TPSMOYTOJIBHUK, pa3/ieJeHHbIii HA MeHbIIHe Tpsi-
MOyTOJbHUKE Tpex Tunos (A, B, C'), npuueM Ji00ble JIBa MPSIMOYTOJBHUKA OJHOIO THIA DABHBI
Mezkry coboit. Menbiast cropona 0osibIIoro npsmoyrojbuuka pasia 9. Haiiaure ero 6osibinyio
CTOPOHY .

The picture (see it above) shows a large rectangle divided into smaller rectangles of three types
(A, B, () such that any two rectangles of the same type are equal to each other. The smaller side
of the large rectangle is 9. Find its larger side x.

Answer: 18

13
Bl A B A

A C

2. x
Ha pucynke (cM. BbIle) u306pazkeH GOJIBIION TPSMOYTOJIBHUK, pa3/ieJeHHbIii HA MeHbIIHe Tpsi-
MOyToJbHUKE Tpex Tunos (A, B, C'), npuueM J00ble JBa NPSIMOYTOJbHUKA OJHOTO THIA DABHBI




MeKITy coboit. MenbImas cTopoHa GOJIBITOTO TPAMOYTOAbHUKA paBHa 13. Haiinute ero 6osbmryio
CTODPOHY .

The picture (see it above) shows a large rectangle divided into smaller rectangles of three types
(A, B, C) such that any two rectangles of the same type are equal to each other. The smaller side
of the large rectangle is 13. Find its larger side .

Answer: 26

16

Bl A B A
A C

3. T
Ha pucynke (cM. BbIIe) u306pazkeH OOJIBIION TPAMOYTOJBHUK, Pa3/ieJeHHbIil HA MeHbIIHe TIps-
MOyTOJbHUKE Tpex Tunios (A, B, C'), npudeM Jto0ble J1Ba MPSIMOYTOJbHUKA OJHOIO THIA DABHBI
MeKITy coboit. Menbiras cTopoHa 6OJIBITOTO TPAMOyToabHUKA paBHa 16. Haiinute ero 6osbmryio
CTODOHY .

The picture (see it above) shows a large rectangle divided into smaller rectangles of three types
(A, B, C) such that any two rectangles of the same type are equal to each other. The smaller side
of the large rectangle is 16. Find its larger side .

Answer: 32

38

Bl A B A
A C

4. T
Ha pucynke (cM. BbIlie) u306pazkeH OOJIBIION TPAMOYTOJIbHUK, pa3/ieJeHHbIii HA MeHbIIHe Tpsi-
MOyTOJbHUKE Tpex Tunos (A, B, C'), npudeM Jito0Oble J1Ba NPSIMOYTOJBHUKA OJHOIO THIA DABHBI
Mezkty coboit. Menbiiias cropona 00JIbIIONO HPAMOYroJibHUKa pashHa 38. Haiijure ero 60Jibiiyio
CTOPOHY .

The picture (see it above) shows a large rectangle divided into smaller rectangles of three types
(A, B, () such that any two rectangles of the same type are equal to each other. The smaller side
of the large rectangle is 38. Find its larger side .

Answer: 76

Solution (ENG). Explaining the solution of the 1st version of the task, the others are solved
similarly.
Let sides of rectangles A be equal to a, b, sides of rectangles C' be equal to a, c¢. Thus, sides of rectangles



B are equal to a,2b. Then we get system of the equations:

a+2b=9
3a = 2b
c+b=a+4b
a+b+c=x

By solving it we get x =2 -9 = 18.

Solution (RUS). Pas6op Bapuanrta N1, ocramabHbIe peNialoTcsi AaHATOTHIHO.
ITycTh cToponsl nmpaMmoyroabuuka A pasubl a,b, croponnl npsmoyroasauka C' — a,c. Torma cTopoHbt
IpAMOYTONIbHUKA B paBHBI a, 2b. [loay4uuM cucreMy ypaBHeHHIL:

a+2b=9
3a = 2b
c+b=a+4b
a+b+c=x

Pemas cucremy, naiijiem z =2 -9 = 18.

Task 3.

1. YeTnIpéxmaJbie MeMITBI JeJ9T CBOM CYTKHU Ha 16 MeMOB, a KaxKablii MeM — Ha 64 MemMacHKa. Y HUX
HaCbl C KPYIJIbIM I_[I/ICI)ep6J'IaTOM; MEMaCHUKOBasd U MEMHad CTPEJIKK ABUXKYTCA B OJHOM HallpaBJie-
HIW, WX HadaJbHbIE TTOJOKEHNS COBIIAIA0T, 38 1 MeM MeMaCHKOBas CTPEeIKa COBEPITAET MOJTHBIT
KpYT, & MEMHas CTPEJIKa COBEPIAET MOJHBI KPYT 38 CYTKH. Y TJIBI MEMI[bI U3MEPSIOT B MEMaCUKax
(1 mc = 39%%), B kasxmom Meme (HY/IeBOro MeMa HeT, ecTh 16-if) CHacTIMBBIM CIATAETCA MOMEHT,

64
Korga yroJj MexKay CTpejJKaMH paBeH 9 Mc. CKOJIBKO BCEro CYACTIUBLIX MOMEHTOB B CYTKaX?

Four-fingered creatures divide their day into 16 memes, and each meme into 64 meminutes. They
have a clock with a round dial which is rounded by meme arrow in one day; the meme arrow
and the meminute arrow move in the same direction with same initial positions; for 1 meme the
meminute arrow makes a full circle. Those creatures measure angles in memasics (1 ms = 3220).
In every meme (there are all memes from 1 to 16) the moment when the angle between the arrows

is 9 ms is considered lucky. How many lucky moments are there in a day?

Answer: 30

2. Bocbmumasibie MeMITBI Ae9T ¢BOW cyTKU Ha 10 MeMOB, a KaKablit MeM — Ha 80 MeMacHKOB. Y HHUX
qaCbl C KPYIJIBIM I_[I/ICI)ep6J'IaTOM; MEMaCHKOBasd U MEMHad CTPEJIKK ABUXKYTCA B OJHOM HallpaBJie-
HUW, NX HadaJbHbIE TTOJIOKEHU COBITAIAI0T, 38 1 MeM MeMaCHKOBas CTPEeIKa COBEPITAET MOJTHBI
KpYT, a MeMHas CTPeJKa COBePIaeT MOJHBII KPYT 38 CYTKH. Y IVIBI MEMIIBI H3MEPIIOT B MEMaCHKaX
(1 mc = 35%%) B kaszkaoM Meme (HyIeBoTO MeMa HeT, ecTh 10-#) CHaCTIMBBIM CIATAETCA MOMEHT,

80
KOorga yroJjJ MexKay CTpejJKaMH paBeHn 17 mc. CKOJBKO BCEro CYaCTIUBLIX MOMEHTOB B CyTKaX?

Eight-fingered creatures divide their day into 10 memes, and each meme into 80 meminutes.
They have a clock with a round dial which is rounded by meme arrow in one day; the meme arrow
and the meminute arrow move in the same direction with same initial positions; for 1 meme the
meminute arrow makes a full circle. Those creatures measure angles in memasics (1 ms = 3280).
In every meme (there are all memes from 1 to 10) the moment when the angle between the arrows

is 17 ms is considered lucky. How many lucky moments are there in a day?

Answer: 18



3. IlecTtumaabie MeMITBI JIEISIT CBOW CYTKHU Ha 14 MeMOB, a KaxKIblii MeM — Ha 84 MeMacuka. Y HHX
HaCbl C KPYIJIbIM L[I/Iq)ep@)'[aTOM; MEMaCHKOBad U MEMHad CTPEJIKK ABUXKYTCA B OJHOM HallpaBJie-
HIUW, WX HadaJbHbIE TTOJOKEHNS COBIIAIAI0T, 32 1 MeM MeMaCHKOBas CTPEeIKa COBEPITAET MOJTHBIT
KpYT, & MEMHas CTPEJIKa COBEPIIAET MOJHBIT KPYT 38 CYTKU. Y TJIBI MEMI[bI U3MEPSIOT B MEMaCUKaxX
(1 mc = 25%°) B kaskioM MeMe (HyJIeBOIO MeMa HeT, ecThb 14-i) CUACTIMBLIM CYHTACTCA MOMEHT,

84
Korga yroJj MexKay CTpejJKaMH paBeH 13 mc. CKOJBKO BCEro CYACTIUBLIX MOMEHTOB B CyTKaX?

Six-fingered creatures divide their day into 14 memes, and each meme into 84 meminutes. They
have a clock with a round dial which is rounded by meme arrow in one day; the meme arrow
and the meminute arrow move in the same direction with same initial positions; for 1 meme the
meminute arrow makes a full circle. Those creatures measure angles in memasics (1 ms = 3220).
In every meme (there are all memes from 1 to 14) the moment when the angle between the arrows

is 13 ms is considered lucky. How many lucky moments are there in a day?

Answer: 26

4. JleBaTunaJjbie MEMIIBI JICJIAT CBOM CYTKH Ha 8 MEMOB, a KaKJbIfl MeM — Ha 72 MeMacuka. Y HUX
Jachl ¢ KPYIJIbIM Iidepbs1aToM; MEMACUKOBasl U MeMHAsl CTPeJKHI JIBUXKYTCS B OJIHOM HalpaBJie-
HHUH, UX HaYaJbHbIE TOJOXKEHNs COBIIAJAIOT, 38 1 MeM MeMAaCHKOBasl CTPeJIKa COBEPIaeT HOTHBIN
KPYTI, & MEMHAsl CTPeJIKA COBEPIIAET IIOJTHBIA KPYT 38 CYTKU. Y IJIbI MEMIIbl H3MEPSIOT B MEMACHKAX
(1 mc = 38%). B kamx/a0M Meme (HYJIEBOTO MeMa HeT, eCTh 8-if) CHACTIMBBIM CUHTACTCS MOMEHT,

72
KODJa yroJI MeXKAy crpeakamu paped 19 mc. CKOJIBKO BCEro CYACTIANBBIX MOMEHTOB B CyTKaX !

Nine-fingered creatures divide their day into 8 memes, and each meme into 72 meminutes. They
have a clock with a round dial which is rounded by meme arrow in one day; the meme arrow
and the meminute arrow move in the same direction with same initial positions; for 1 meme the
meminute arrow makes a full circle. Those creatures measure angles in memasics (1 ms = %).
In every meme (there are all memes from 1 to 8) the moment when the angle between the arrows

is 19 ms is considered lucky. How many lucky moments are there in a day?

Answer: 14

Solution (ENG). Explaining the solution of the Ist version of the task, the others are solved
similarly.
Note that the angle from the meme to the meminute arrows (with fixed direction) changes from 4(1—n)
ms to 4n ms during each n-th meme; it is clear that this is 60ms, and not a full circle of 64ms. This
means that the 3rd and 14th memes each have one lucky moment, and the rest have two lucky moments
each. A total of 30 lucky moments.

Solution (RUS). Pas6op Bapuanra N1, ocrajibHbie DEIAIOTCS AHAJIOIHHO.
3amMeTnM, 94TO YyroJl OT MEMHOI CTeKH K MeMAacuKOBO# (3adbuKcHpyeM HalpaB/ieHHe) MEHAETCS Ha [PO-
TSKEHUH KazKI0ro n-ro Mema ot 4(1 — n) Mc 1o 4n Mc.; moHATHO, 9T0 310 60MC., a He MOJHBIH KPYyT
B 64mc. 3uavnuT, 3-it u 14-if MeMBI UMEIOT MO OJTHOMY CYACTJIUBOMY MOMEHTY, & OCTAJbHBIE — IO JIBA.
Ntoro 30 cqacTIUBBIX MOMEHTOB.

Task 4.

1. Baps u Codbsa urpator B urpy: Baps numrer na jgocke narypaabaoe N, morom Codbst gonuceaer
K HeMmy crpasa 8 nmudp. Eciu noryduincs kBajapar HaTypaabHoro ducsia, To Codbsa modexIaeT.
[Ipu kakom naumenbiiem N Codbs He MOXKeT 0OEIUTDH?

Barbara and Sophie play a game: Barbara writes positive integer N on the board, then Sophie
adds 8 digits to it on the right. If they get a complete square of some integer, then Sophie wins.
What is the smallest N such that Sophie cannot win?



Answer: 25010000

2. Bapsa u Codbs urpatot B urpy: Baps nuier na mocke sarypasibaoe N, noroMm Codbs J0MUCHIBAET
K HeMmy cipaBa 4 nudpsl. Ecin moayduics KBajapaT HATYypaabHoro duciaa, To Codbs mobexkIaeT.
[Ipu kakom nammenniiem N Codbs He MozxkeT nobeuTh?

Barbara and Sophie play a game: Barbara writes positive integer N on the board, then Sophie
adds 4 digits to it on the right. If they get a complete square of some integer, then Sophie wins.
What is the smallest N such that Sophie cannot win?

Answer: 2600

3. Bapsa u Codwsa urpator B urpy: Baps murier ua jgocke marypaabaoe N, morom Codbst 10nuchbiBaeT
kK Hemy crupasa 6 nudp. Ecin noxyuamics kBagapar HarypaabHoro ducia, 7o Codbs mobex aer.
[Ipu kakom naumenbiiem N Codbs He MOXKeT 106eUTDH?

Barbara and Sophie play a game: Barbara writes positive integer N on the board, then Sophie
adds 6 digits to it on the right. If they get a complete square of some integer, then Sophie wins.
What is the smallest N such that Sophie cannot win?

Answer: 251000

4. Bapsa u Codbs urparot B urpy: Baps numier na gocke Harypajabnoe N, morom Codbs TOIUCHIBAET
K Hemy crnpaBa 10 mudp. Ecan monyumica kBaapar HaTypaabHoro dnciaa, To Codbs moOekKIAECT.
[Tpu kakom nammenbiiem N Codbs He MOxKeT m00eUTH?

Barbara and Sophie play a game: Barbara writes positive integer N on the board, then Sophie
adds 10 digits to it on the right. If they get a complete square of some integer, then Sophie wins.
What is the smallest N such that Sophie cannot win?

Answer: 2500100000

Solution (ENG). Explaining the solution of the Ist version of the task, the others are solved
similarly.
Let N be a number written by Barbara and M be a number consisting of digits added by Sophie. If
there is a positive integer ¢ such that ¢ < 10* - N and (¢ + 1)? > 10° - N, then Sophie cannot win: for
any 0 < M < 108 the number NM = 10% - N 4+ M will not be the square of any positive integer, since
it will be enclosed between ¢* and (c + 1)2.
Note that (c+1)? —c? = 2c+ 1. Thus, if 2c+1 < 10%, then among any 10® consecutive positive integers
less than (c+ 1)2 there is a square of some integer. So, ¢ > 5-107 and NM > (5-107)% = 25-10". Also
(5107 4+ 1)% = 2500000100000001 = 25 - 10'* + 10% + 1.
Next squares are 25000002 - 10% + 1 + 3; 25000003 - 10% + 1 + 3 + 5; . .. etc. before 25009999 - 10® +m, =
500099992 after which we got 50010000% = 25010001 - 108 + my for mq, my < 108,
So the number we are looking for is 25010000.

Solution (RUS). Pas6op Bapuanra N1, ocragbHable PEHIaOTCS AHATOTHIHO.

ITIyctes N — unciso, sanucannoe Bapeii, a M — aucio, cocrosmtee 3 nndp, gonucanabix Codneit. Ecin
HaiigeTcsa HaTypaJjbHoe ¢, Takoe, uyTo ¢ < 108 N u (c+1)2 > 10°- N, to Codbs He cMOKeT NOGeIUTD:
pu so6om 0 < M < 10% wncio NM = 10° - N + M e Gyner KBajpaToM HATYPATILHOIO UHCIIA, HO-
CKOJIbKY OyJier 3akJ/iioueno mexy ¢ u (c+ 1)2.

Bamernm, uto (¢ + 1)2 —c? = 2c+ 1. Bnaunt, ecau 2¢ + 1 < 108, To cpemm m0661x 10® moapan maymmx
HATYPAJbHBIX YHCeN, MeHbIuX (¢ + 1)2, HalieTcs KBajpaT HaTypaabaoro uncia. Orcona ¢ > 5 - 107 —
saaqut, NM > (5-107)%2 = 25 - 10, IIpu stom (5 - 107 + 1)2 = 2500000100000001 = 25 - 10 + 108 + 1.
ITocaemytomue KBajaparhl JarorT 25000002 - 108 + 1 + 3;25000003 - 10® + 1 + 3 + 5;... u T.1. BILIOTb



10 25009999 - 10® 4+ m; = 500099992, mocae xoroporo maer 500100002 = 25010001 - 10% 4+ my naa
mi, mo < 108.
Taxum obpazom, nHaumenbiiree nckomoe ducio — 25010000.

Task 5.

1. Bapxky rpy30on0béMHOCTHIO 220 TOHH XOTAT MOJHOCTBIO 3arpy3uTh KOHTeliHepamu BecoM B 16 T
u 7 1. Tlonyunrcst m 310 caenarh? YKayKuTe BCE CIIOCOOHI.

There is a barge with a carrying capacity of 220 tons needed to be fully loaded with containers
weighing 16 tons and 7 tons. Can this be done? Explain all the possible ways.

Answer: 5 x 16 and 20 x 7, or 12 x 16 and 4 x 7.

2. bBapxky rpy3onoabéMHOCTBIO 220 TOHH XOTST MMOJHOCTHIO 3arpy3UTh KOHTeHepaMu BecoM B 18 T
u 13 1. [loayuurcsa jim 3T0 cenarsb! YKazxKUTe BCE CIIOCOODI.

There is a barge with a carrying capacity of 220 tons needed to be fully loaded with containers
weighing 18 tons and 13 tons. Can this be done? Explain all the possible ways.

Answer: 5 x 18 and 10 x 13.

3. Bapxky rpyzonogbémuocThio 380 TOHH XOTAT MOJHOCTHIO 3arpy3uTh KOHTeHEpaMu BecoM B 16 T
u 7 1. lomyuntesa s 3To caenars? YKaxKuTe BCe CIOCOOBI.

There is a barge with a carrying capacity of 380 tons needed to be fully loaded with containers
weighing 16 tons and 7 tons. Can this be done? Explain all the possible ways.

Answer: 1 x 16 and 52 x 7, or 8 x 16 and 36 x 7, or 15 x 16 and 20 x 7, or 22 x 16 and
4 x 7.

4. bap:xky rpy3onoqrbéMHOCTBIO 380 TOHH XOTAT MOJTHOCTHIO 3arpy3uTh KOHTeifHepaMu BecoM B 18 T
u 13 1. [oayuurcs jm 310 caenarb? YKazKuTe BCE CIHOCOODI.

There is a barge with a carrying capacity of 380 tons needed to be fully loaded with containers
weighing 18 tons and 13 tons. Can this be done? Explain all the possible ways.

Answer: 11 x 18 and 14 x 13.

Solution (ENG). Explaining the solution of the Ist version of the task, the others are solved
similarly.
Let = be the number of containers weighing 16 tons and y be the number of containers weighing 7 tons.
Then 162+ 7Ty =220 =y = %(220 — 162). Since 220 gives a remainder of 3 when divided by 7 and vy is
an integer, therefore 16z also gives a remainder of 3 when divided by 7. Let’s write out the remainders
of x and 16x being divided by 7:

x (mod 7)

4
16z (mod 7) 1

0 1 2 3 5 6

0 2 4 6 3 5

Thus, x is a remainder of 5 when divided by 7 and 0 < x < %0 € (13;14). So the possible values of x
are 5 or 12. Substituting them into the original equation, we get the corresponding values of y.

Solution (RUS). Pas6op Bapuanrta N1, ocTagabHbIE PENIAIOTCS AHAJOTHIHO.
[Iycts © — KoJIm4ecTBO KOHTEiHEPOB BecoM 16 T, Y — KOJIMYECTBO KOHTEHHEPOB BeCcOM 7 T.



Torma 16x + Ty =220 = y = %(220 — 16z). [lockosbky 220 gaet ocTaTOK 3 MpH JAETEHUN HA 7 U Y — Te-
Jioe, 3Ha4uT, 16T TOXKE jlaeT OCTATOK 3 MpH JiejieHnn Ha 7. Boinuinem octarku upu jejennu © u 16x Ha 7:

x (mod 7)

3 4 5 6
162 (mod 7) 6 1 3 5
Buauut, T gaeT ocTarok b upu geaenun Ha 7 u 0 < x < % € (13;14). Orcroga BO3MOKHbBIE 3HAYECHUS
x —31o b win 12. Tlojcrapiagg uX B HCXOJHOE ypaBHEHHE, [TOJYYUM COOTBETCTBYIOIIME 3HAYCHUS 1.

Task 6.

1. Bo Bpems oneparuu noJinius oonapyzkuiia 2021 BHelllHe 0JJMHAKOBbIE MOHETbI, & TAKKe 3allUCKY,
B KOTOPOIT ckazano, uro 1011 moner macrodiiue, a ocrajbHbie — (aabimuBbie. Kpome Toro, B 3a-
MUCKE YKa3aHO, 9TO KaxKJas (hpaJibIuBas MOHETa HA OJWH T'PaMM Jjerde Jiioboil HacTosIed.
DKCIepT MO MOJJIeJTKAM TIPUIIEST ¢ JalleqTHbIMI BeCaMHU, KOTOPbIe He TOJIBKO MOKA3BbIBAIOT, KaKas
Jala HarpyzKeHa Ts:Kesee, HO M YKa3bIBAIOT PA3HUILY B Bece IPY30B Ha dYallax. JKCIEPT yTBeP-
JKJIAeT, 4TO KaKylo Obl MOHETY HU BblOpaJsia LOJIMIUS, MOXKHO YCTAHOBUTbL, HACTOAIIAS OHA WJIU
danbimmBasi, ¢aeaaB poBHO OAHO B3BermuBaHue. [Ipap g ou?

During the operation the police found 2021 outwardly identical coins, as well as a note stating
that the 1011 of the coins were real, the rest ones were fake and each fake coin is one gram lighter
than any real one.

The expert came with a weighing scale that shows which bowl is heavier but also indicates the
difference (in grams) of the weights on the bowls. The expert claims that whichever coin the police
choose, he can determine whether it is real or fake by doing exactly one weighing. Is he right?

2. Bo Bpems onepanuu nosurus oonapyzxuia 2021 BHerrHe OMHAKOBbBIE MOHETHI, a TAKZKe 3aIUCKY,
B KOTOpOi#i ckazano, 9To 501 MoHeTa HacTosIIasi, a OCTaJbHbIe — daJbinBbie. Kpome Toro, B 3a-
HUCKe YKA3aHO, 9TO KaxKJIas (paJIbIIuBas MOHETa Ha OJUH I'PaMM Jerde Jiioboil HacTosIed.
DKCIIEePT HO TMOJIEIKAM IPHUIIET ¢ YAIIeYHBIMU BecaMu, KOTOPbIe He TOJIHKO ITOKA3bIBAIOT, KaKast
Jala HarpyzKeHa TswKejee, HO M YKa3bIBAIOT PA3HUILY B Bece IPY30B Ha daIlax. JKCIEPT YTBEP-
JKJIAET, Y4TO KaKyI0 Obl MOHETY HU BbIOpaJja HOJUIN, MOXKHO YCTAHOBUTDL, HACTOAIIAS OHA WJIH
danbimmBast, ¢aenaB poBHO OAHO B3BeruBaHue. [Ipap g ou?

During the operation the police found 2021 outwardly identical coins, as well as a note stating
that the 501 of the coins were real, the rest ones were fake and each fake coin is one gram lighter
than any real one.

The expert came with a weighing scale that shows which bowl is heavier but also indicates the
difference (in grams) of the weights on the bowls. The expert claims that whichever coin the police
choose, he can determine whether it is real or fake by doing exactly one weighing. Is he right?

3. Bo Bpems onepanuu nosuius oonapyzxkuia 2021 BHeNTHe OJIMHAKOBBIE MOHETHI, a TaKzKe 3alUCKY,
B KOTOPOIi ckazano, 4ro 1010 Moner HacTosiue, a ocTajabHble — (abinuBbie. KpoMe Toro, B 3a-
NUCKe YKa3aHO, UYTO KaKJas haJblimBasg MOHETa Ha OJWH I'paMM Jerde J000H HacTodmel.
DKCIEPT MO MOJJIETKAM TTPUIIET ¢ JANIETHBIMI BECAMHU, KOTOPBIE He TOJBKO MOKA3BIBAIOT, KaKas
JaIa HarpyzKeHa TsizKejee, HO M YKa3bIBAIOT PA3HUILY B BECe IPY30B HA dallax. JKCIEPT yTBEP-
JKJIAET, Y4TO KaKyl0 Obl MOHETY HU BbIOpaJsa MOJHUIU, MOXKHO YCTAHOBUTDL, HACTOAINAS OHA WJIH
danpmuBasg, caenas poBHO 0JHO B3BemmuBaHue. lIpas s on?

During the operation the police found 2021 outwardly identical coins, as well as a note stating
that the 1010 of the coins were real, the rest ones were fake and each fake coin is one gram lighter
than any real one.

The expert came with a weighing scale that shows which bowl is heavier but also indicates the



difference (in grams) of the weights on the bowls. The expert claims that whichever coin the police
choose, he can determine whether it is real or fake by doing exactly one weighing. Is he right?

4. Bo Bpewms onepaluu noaunus ooHapyKuaa 2021 BHeIIHe OJMHAKOBBIE MOHETHI, a TAKXKe 3aIUCKY,
B KOTOPO# ckazaHo, 4ro 2000 MOHeT HACTOsIIHE, a ocTajbHble — (ajbinuBbie. KpoMe Toro, B 3a-
MHUCKe YKa3aHO, 9TO Kak/as aJblinBas MOHETa HA OJUH IpaMM Jierde JiroO0i HACTOSIIEH.
9KCH€pT Mo nmoaaeJIKaM IpUuInesT ¢ YalleIHbIMU BeCaMi, KOTOPbIe HE TOJIBKO ITOKa3bIBalOT, KaKad
Jallla HarpyzKeHa TszKesee, HO U YKa3bIBAIOT PpAa3HUILy B Bece I'PY30B HA YalllaX. JKCIEPT YTBEpP-
JKJIAET, 9TO KaKylo Obl MOHETY HH BBIOpaJsa HOJHIUs, MOXKHO YCTAaHOBUTDH, HACTOAIIAS OHA WJIH
danbimuBasi, caenas poBHO OAHO B3BemuBanue. [Ipas g ou?

During the operation the police found 2021 outwardly identical coins, as well as a note stating
that the 2000 of the coins were real, the rest ones were fake and each fake coin is one gram lighter
than any real one.

The expert came with a weighing scale that shows which bowl is heavier but also indicates the
difference (in grams) of the weights on the bowls. The expert claims that whichever coin the police
choose, he can determine whether it is real or fake by doing exactly one weighing. Is he right?

Solution (ENG). To determine the authenticity of a coin it is enough to divide all coins (except

for the one chosen by the police) into two equal parts and look at the difference in their weights. Let’s
prove that the authenticity of the chosen coin depends on the parity of this difference.
Indeed, let there be a fake coins on one bowl and b fake coins on the other. Then the difference shown
by the balance is |b — a| and has the same parity as the sum a + b. As a result of the weighing we find
out the parity of the number of fake coins on the scales. Knowing the parity of the total number of fake
coins we can immediately determine the authenticity of the coin that was chosen by the police. So the
expert is right.

Solution (RUS). /la onpe/esennst MOJIUNHHOCTH MOHETBI JOCTATOYHO PA3JEIUTh BCE MOHETHI,
KpOMe BBIODAHHON IOJINIMEN, HA /IBe DaBHble YaCTH U IIOCMOTDETh HA PA3HOCTh HX BecoB. JlokazkeMm,
YTO OT YeTHOCTH 3TOH Pa3sHOCTH 3aBUCHUT MOJINHHOCTb BEIODAHHOI MOHETHI.

JeficTBUTENBHO, IyCTh HA OJHON dalle HAXOAATCA ¢ (AJbIINBLIX MOHET, & Ha JAPYroil — b (aJbImBhIX
momneT. Torma pa3HoCTh, KOTOPYIO MOKAXKYT BeChl, paBHa |b — a| M UMeeT Ty Ke YeTHOCTh, 9TO U CyMMa
a+b. 3HauuT, MBI B pe3y/IbTaTe B3BEIINBAHUS Mbl y3HAEM YeTHOCTH YHC/1a (PAJIbIINBLIX MOHET, HAXO0/I4-
IIUXCS HA BECAX. 3HAs YeTHOCTH 00IIero uncsa (hasbIinBbIX MOHET, MbI CPa3y OLPe/IeJIUM O/ JTHHHOCTD
TOI MOHETBI, KOTOPOi Ha Becax He ObLIO0 (T.e. TOfi, KOTOPYIO BBIOpAJIa MOJIUIH ). SHAYUT, SKCIEPT IPaB.



8-9 degree

Task 1.

1. JTan npamoyromsauk ABCD, wa guaronasu BD KOTOporo pacmojioykena Todka F, u3 KOTOpOii
Ha ctopoust AB, BC,CD, DA onymenst nepnesaukysipst KA, KBy, ECy, E D1, COOTBeTCTBEHHO.
Haitqure naubosibinee 3HadeHne cyMmMel miomameit AA1E Dy u CCyE By, ecim mnomaas ABC D
pasHa 20.

There is a rectangle ABC'D with point E on its diagonal BD. There are perpendiculars
FA, EB;, EC}, ED; dropped to the sides AB, BC,CD, DA, respectively. Find the largest possible
sum of the areas AA;ED; and CC;EB; while the area of ABCD is 26.

Answer: 13

2. Han npamoyroabauk ABC D, Ha mmaronasum B KOTOpOro paclosioyKeHa TO4YKa F, 3 KOTOPOit
Ha ctoponsl AB, BC,C D, DA onymens! nepnesaukyaspbl KA, EBy, ECy, ED;, COOTBeTCTBEHHO.
Haiignre nanbosbmee 3nadenune cymmbl miomaaeit AA\ED; u CCyEB;, ecom mwiomaas ABCD
paBHa 24.

There is a rectangle ABC'D with point E on its diagonal BD. There are perpendiculars
FEA, EB,, ECy, ED; dropped to the sides AB, BC,CD, DA, respectively. Find the largest possible
sum of the areas AA; ED; and CC;EB; while the area of ABCD is 24.

Answer: 12

3. Hau upamoyronbauk ABC D, na puaronasun B KoToporo pacrojioxkena todka F, w3 KOTOPOit
Ha ctopoust AB, BC,C D, DA onymenst nepnesaukysipsl KAy, KBy, EC, E D1, COOTBeTCTBEHHO.
Haiianre nanboabmree 3uavenune cymmbl miomaaeit AA\ED; v CCYEB;, ecim mnomans ABCD
paBHa 36.

There is a rectangle ABC'D with point E on its diagonal BD. There are perpendiculars
FA, EB;, EC,, ED, dropped to the sides AB, BC,CD, DA, respectively. Find the largest possible
sum of the areas AA, ED; and CC{EB; while the area of ABCD is 36.

Answer: 18

4. Haun npamoyroapank ABCD, na guaronann BD KOTOPOro pacro/ioxkKeHa TOYKa F, m3 KOTOpoii
Ha ctoponsl AB, BC,CD, DA onymens! nepuneaaukyasipbl KA, EBy, ECy, ED;, COOTBeTCTBEHHO.
Haiigure mHaubosbinee 3HadeHne cyMmMbl miomaneit AA EDy u CCyE By, ecim mnomans ABC D
pasHa 80.

There is a rectangle ABC'D with point E on its diagonal BD. There are perpendiculars
FEA,, EB, ECy, ED; dropped to the sides AB, BC,CD, DA, respectively. Find the largest possible
sum of the areas AA;ED; and CC,EB; while the area of ABCD is 80.

Answer: 40

Solution (ENG). Let lengths of the segments FA;, EBy, ECy, ED; be equal to a, b, ¢, d, respectively,
and lengths of the segments AD, AB be x,y.

Then
ab=xy —a(x —b) — by — a)
cd=xy—d(x—c)—cly—d)

Expanding the brackets and subtracting one equation from the other, we get ab = cd. Thus, the problem
is reduced to finding 25, where S is the maximum value of ab.



From the similarity of the triangles DD E and DAB we have % = 957_” =b= —a§+x = ab = —a2§+ax.
We will consider the last expression as a function f(a) with parameters z,y. The graph of the function

is a parabola with a maximum of % for a = %.

2
So, 28 = 4.

Solution (RUS). Ilycre amunsr orpeskos E A, EBy, ECy, ED; paBubl a, b, ¢, d cCOOTBETCTBEHHO,
a JauHbl oTpe3koB AD, AB — x,y coorBeTcTBeHHO. Torma

ab=xy —a(x —b) — by — a)
cd=xy—d(z—c)—cly—d)

PackpbiBasi CKOOKH 1 BBIMNTAST OJHO YPaBHEHHE U3 APYroro, moaydnm ab = cd. 3uadnT, 3a1ada CBOIUT-
¢ K HAXOXKAeHuIo 25, rae S — MakcuMaabHOe 3Ha4deHne ab.
a z—b

N3 nopobus TpeyroapaukoB DD E u DAB umeem =5 = b = —a% +z = ab = —azi + ax.

X
Byaem paccmarpuBaTh mocaennee Beipakenue Kak dyuknuio f(a) ¢ napamerpamu z,y. ['paduk sroit
zy _y
dbynknun — napaboja ¢ MAKCUMyMOM — TIpH @ = §.
Snaunt, 25 = 7.

Task 2.

1. HaiimuTe HamMmeHbIlee HATYpaJbHOE N, TPU KOTOPOM YHUCIO \/ 41 4+ /n + \/ 41 — \/n aBagerca
HEIBIM.

Find smallest positive integer n such that /41 + y/n + /41 — \/n is an integer.

Answer: 720

2. HaiinuTe HamMeHbIIee HaTypaJabHOE N, IPU KOTOPOM UYHCJIO \/ 51+ /n + \/ 51 — y/n aBagercs
HEJIBIM.

Find smallest positive integer n such that /51 + y/n + /51 — \/n is an integer.

Answer: 392

3. HaitnuTe HamMeHbIlee HATypaJabHOE N, IPU KOTOPOM HYHCJIO \/ 67 4+ /n + \/ 67 — \/n aBagerca
HEJTBIM.

Find smallest positive integer n such that /67 + \/n + /67 — \/n is an integer.
Answer: 768

4. Haiiure HauMeHbIliee HATYPAJILHOE 1, TPU KOTOPOM YHUCJIO \/135 +/n+ \/135 — /n aBageTca
IEJTBIM.

Find smallest positive integer n such that \/135 +/n+ \/135 — /n is an integer.

Answer: 6776

Solution (ENG). Explaining the solution of the 1st version of the task, the others are solved
similarly.
Let \/41 4+ v/n + /41 —\/n = ¢ € Z with ¢ > 0. We have ¢* = 82 + 2v/412 —n < 162 because of
n > 0. The smaller is n, the bigger is ¢ — therefore we must find biggest possible ¢ such that ¢ < 162
for some positive integer n. Thus, ¢ = 144 = ¢ = 12, then we have 2/412 —n = 62 = /412 —n =
31 =412 —n = 312 = n = 720.



Solution (RUS). Pas6op Bapuanrta N1, ocTagabHbIE PENIAIOTCS AHAJOTHIHO.
[IycTn \/41 +/n + \/41 —/n = c¢ € Z, upudem ¢ > 0. 3nauut, ¢ = 82 + 2v/412 —n < 162, T.K.
n > 0. Yem MenbIe n, TeM GOJIBIINE ¢ — 3HAYMT, 333498 CBOJAUTCS K IMOUCKY HAHOOJIBIIEIO BO3MOXKHOIO
¢, Takoro, uto ¢ < 162 m n — HaTypaabHoe. 3HaUNT, ¢ = 144 = ¢ = 12: Torna 2v/412 —n = 62 =
V412 —n =31 = 412 —n = 312 = n = 720.

Task 3.

1. HazoBem paszbmenmem HaTypaJIbHOI'O YUCJIA 7 €O IIPEJCTaBJeHHE B BUJE CYMMbl HATYPaJbHbBIX
cJaraeMbIX, IPH 3TOM pa30HeHus, OTANYAIONIHECS TOJBKO MOPSIIKOM CJIaraeMbIX, Oy/eM CINTATh
pazanuynbiMu. Hampumep, ognum u3 pazbuenwuit aucsia 7 sapjiasgercd Bbipaxkenue 1 + 3+ 2 + 1.
[Iyctb F(n) — KOJIUYECTBO BCEX PA3IUYHBIX pasOUeHUl ducia n.

Pemure ypasnenne: F(n) = 128.

Let’s call the partition of a positive integer n its representation as a sum of positive integers,
while partitions that differ only in the order of terms will be considered different. For example,
one of the partitions of the number 7 is the expression 1 + 3 + 2 + 1.

Let F(n) be the number of all different partitions of a number n.

Solve the equation: F'(n) = 128.

Answer: &

2. Hazoem paszbmenmem HaTypasJbHOIO YHCJIA N €rO TPEJCTABJICHHE B BUJE CYMMbI HATYPAJIbHBIX
CJIaraeMbIX, IIPU 9TOM pa3OHeHHs, OTJIHYAIONIHECd TOJBKO HOPAJIKOM CaraeMbIX, OyJIeM CUYUTaTh
pasnaunynabiMu. Hampumep, onnum u3 pazdbuenuit qucsia 7 sapisercd Bbipaxkenue 1 + 3 + 2 + 1.
[Iycts F'(n) — KOIMIECTBO BCEX PA3IUIHLIX pa3OHeHuii aucya n.

Pemure ypasuenne: F(n) = 512.

Let’s call the partition of a positive integer n its representation as a sum of positive integers,
while partitions that differ only in the order of terms will be considered different. For example,
one of the partitions of the number 7 is the expression 1 + 3 + 2 + 1.

Let F'(n) be the number of all different partitions of a number n.

Solve the equation: F(n) = 512.

Answer: 10

3. HazoseM pazbmenmem HATYpaJbHOTO YHCJA N €ro MpeJcTaBleHHe B BHJIe CYMMbI HATYPaJbHBIX
cJaraeMbIX, TIPH ITOM pa30ueHus], OTINYAIONINECsS TOJBKO TMOPSIIKOM CJIaraeMbIX, Oy/IeM CYUTaTh
pazsmunbiMu. Hatpumep, ojinum u3 pa3buenuil uucsia 7 spjsgercd Bbipaxkenue 1 + 3+ 2 + 1.
[Tyctb F(n) — KOIXYECTBO BCEX PA3JNYHBIX pas3OHeHuil ducia n.

Penture ypasnenune: F'(n) = 1024.

Let’s call the partition of a positive integer n its representation as a sum of positive integers,
while partitions that differ only in the order of terms will be considered different. For example,
one of the partitions of the number 7 is the expression 1+ 3 + 2 + 1.

Let F'(n) be the number of all different partitions of a number n.

Solve the equation: F'(n) = 1024.

Answer: 11

4. HazoBeM pazbmeHmeM HATYPAJIbLHOTO YHCJIA N €ro MPEeJICTaBICHUEe B BUJE CYMMBbI HATYPAJIbHBIX
CJaraeMbliX, IIPU 3TOM pa3bueHus, OTJIMYAIONIHEeCsd TOJbKO MOPSAJIKOM CJIaraeMbiX, OyJIeM CUYUTATh
pazanuynbivMu. Hampumep, ognum u3 pazbuenwuii aucia 7 sapjiasgercd Bbipaxkenune 1 + 3 + 2 + 1.
[Iyctb F(n) — KOJIXYECTBO BCEX PA3IUYHBIX pasOUeHuil duca n.



Pemure ypasnenne: F(n) = 16384.

Let’s call the partition of a positive integer n its representation as a sum of positive integers,
while partitions that differ only in the order of terms will be considered different. For example,
one of the partitions of the number 7 is the expression 1 + 3 + 2 + 1.

Let F'(n) be the number of all different partitions of a number n.

Solve the equation: F'(n) = 16384.

Answer: 15

Solution (ENG). Explaining the solution of the 1st version of the task, the others are solved
similarly.
Let’s find the number of partitions of the positive integer n. To do that we represent it in the form
1+14---41 - a notion consisting of n «ones» and n — 1 pluses. Each partition corresponds to an
arrangement instead of some (possibly none, and possibly all) pluses «separators» separating the terms
of the partition. For example, for n = 6 one of the partitions is constructed as follows:

I+1+1+14+141—-14+1|1]1+14+1—52+1+3

This means that the number of partitions is equal to the number of ways to place separators in the
amount from 0 to n— 1. The number of ways to arrange k separators is equal to C*_|. Thus, the number
of partitions is CO_, +CL_ | +C2_ 4+ -+ CI7 + O~ =21 So, F(n) =21

2n—l =128 = n = 8.

Solution (RUS). Pas6op Bapuanrta N1, ocraabHbBIE DEHIAIOTCS AHATOTHIHO.
Haiimem komumdecTBO paszbuenuit HarypaabHOro n. s atoro mpeacrtasum ero B Buae 1+ 1+ -+ + 1 —
3aIUCh, COCTOLAIIAd U3 N eaunuil 1 n — 1 mwiocos. KaxjoMmy pa3bueHHIO COOTBETCTBYET PacCTaHOBKA
BMECTO HEKOTOPHIX (BO3MOYKHO, HU OJIHOTO, & BO3MOXKHO, BCEX) ILTIOCOB «II€PErOPOIOK », PA3IEISIONTHX
caaraemple pazouenus. Hampumep, jutd n = 6 oo u3 pa3bueHuii CTpouTcs Tak:

I+1+1+14+141—-14+1|1]1+14+1—52+1+3

BHAYNT, KOJIMYECTBO PA3OMeHNit PABHO KOJMIECTBY CHOCOOOB PACCTABUTH BMECTO N — 1 ILIIOCA mepero-
ponkn B Kommaecrse ot 0 10 n — 1. TIpu 9TOM KOJIMIECTBO CIOCOGOB PACCTABATH K MEPErOPOJOK DABHO
C*_,. Takum o6pazom, KoamdecTso paszbmennit papuo CO | +CL | +C2  + ...+ O 7 +C'f =271
Bnauut, F(n) = 2""1
21 =128 = n =8.

Task 4.

1. B tpeyromsuuk AABC ¢ AB = AC Bnucana OKpyzKHOCTH (Haz0BeM ee wy). CTpouTest mocaeao-
BaTeJIbHOCTh OKPYKHOCTel Wy, Wi, Ws, . .., IPUYeM KazK/Jas CJeJyIIas uMeeT MEHbIIUN pajnyc,
9eM MpeIbIIyInasi, 1 Kacaercs ee (B 9aCTHOCTH, Wy Kacaercst wy) U cTopon yrna ZA. M3BecrHo,
9TO COS % = 5§.

™
[IycTs €2 — oObeiMHEHHE MHOXKECTB TOYEK, JeKalluX BHYTPH OKPYKHOCTEH wy, w1, we, . . .. Haiimm-
T€ BEPOSATHOCTH TOTO, ITO TOUYKA, CAyIalHBIM 00pa3oM BeiOpanHas BHyTpu AABC, comepKuTcs

B (). OTBeT OKpyI/INTE 0 COTHIX.

A circle (let’s call it wp) is inscribed in a triangle AABC with AB = AC. A sequence of circles

Wo, W1, Wa, . . . is constructed such that each next circle has a smaller radius than the previous one

and touches it (in particular, w; touches wy) and the sides of the angle ZA. It is known that
/A _ 8

cos &8 =

2~ Br
Let Q) be the union of the sets of points lying inside the circles wy, wy, wo, . ... Find the probability
that a point randomly selected inside the AABC lies in €2. Round your answer to two decimals.



Answer: 0.4

2. B rpeyrosabauk AABC ¢ AB = AC Bnucana OKpy:KHOCTh (Ha30BeM ee wp). CTpouTest mocsieno-
BaTEJIbHOCTb OKPYKHOCTEN Wy, W1, Ws, . . ., IPUIEM KayK/Ias CJeIYIONasd nMeeT MeHBIIN pajnyc,
deM MpebIIyIasi, U Kacaercs ee (B 4aCTHOCTH, Wy Kacaercsl wy) U cTopon yria ZA. U3BecTHo,
9TO COS % = ;—4.

™
[Tycts €2 — 00beuHEHHE MHOXKECTB TOYEK, JIeXKAIUX BHYTPU OKPYKHOCTEI Wy, W1, We, . . .. Haiimm-
Teé BEePOATHOCTH TOTO, 9TO TOYKA, CAyJIaiiHbIM oOpa3oMm Beibpanuast BuyTpu ANABC, comepkuTcs

B (). OTBeT OKPYT/INTE O COTHIX.

A circle (let’s call it wp) is inscribed in a triangle AABC with AB = AC. A sequence of circles

Wp, W1, Wa, . . . is constructed such that each next circle has a smaller radius than the previous one
and touches it (in particular, w; touches wg) and the sides of the angle ZA. It is known that
ZA _ 14
cos =2 = =,
2 57

Let €2 be the union of the sets of points lying inside the circles wyp, w1, ws, . ... Find the probability
that a point randomly selected inside the AABC lies in 2. Round your answer to two decimals.

Answer: 0.7

3. B rpeyrosbaunk AABC ¢ AB = AC Bnucana OKpy:KHOCTh (Ha30BeM ee wp). CTponTest mocsieno-
BaTEJIbHOCTH OKPYKHOCTEH Wy, W1, Ws, . . ., IPUIEM KayK/1asl CJIeIYIONas UMeeT MEeHbBITH PaInyc,
4eM MpeJIbIIyInasi, U Kacaercs ee (B 9aCTHOCTH, Wy Kacaercsl wy) U cTopon yria ZA. U3BecTHo,
9TO COS % =3,

™
[Tycte €2 — 00beuHEeHEE MHOXKECTB TOYEK, JICXKAIMX BHYTPU OKPYKHOCTE Wy, W1, We, . . .. Haiimu-
T€ BEePOATHOCTH TOTO, 9TO TOUYKA, CAyJdaiiHbIM oOpa3oMm Beibpanuast BuyTpu ANABC, comepxuTcs

B (). OTBeT OKPYT/INTE O COTHIX.

A circle (let’s call it wp) is inscribed in a triangle AABC with AB = AC. A sequence of circles

Wo, W1, Wa, . . . is constructed such that each next circle has a smaller radius than the previous one
and touches it (in particular, w; touches wg) and the sides of the angle ZA. It is known that
LA _ 3
cos &= = =.
2 T

Let ) be the union of the sets of points lying inside the circles wy, wq, wo, . ... Find the probability
that a point randomly selected inside the AABC lies in 2. Round your answer to two decimals.

Answer: 0.75

4. B rpeyrosbauk AABC ¢ AB = AC Bumcana OKpy:KHOCTb (HazoBeM ee wp). CTponTest mocsieno-
BaTEJILHOCTDH OKPYZKHOCTEH Wy, Wi, Ws, . . ., IPUUEM KaKJiasd CJAEIYIONas UMeeT MEHbITUH PaJinyc,
4eM HpeJblIyIIas, U Kacaercs ee (B YaCTHOCTH, w) KACAeTCsd wo) U CTOpoH yria ZA. VI3BecTHo,
aro cos 4 = 2.

™
IIycrs Q — 00beUHEHRE MHOYKECTB TOUEK, JICZKAIINX BHYTPH OKPYZKHOCTel Wy, Wy, Wa, . . .. Haiiam-
T€ BEPOATHOCTH TOTO, 9TO TOUYKA, CAyJdaiiHbIM 00pa3oMm Beibpanuasi BuyTpu NAABC, comepxuTcs

B (). OTBeT OKPyT/INTE O COTHIX.

A circle (let’s call it wp) is inscribed in a triangle AABC with AB = AC. A sequence of circles

Wo, W1, Wa, . . . is constructed such that each next circle has a smaller radius than the previous one
and touches it (in particular, w; touches wg) and the sides of the angle ZA. It is known that
LA _ 5
cos & = =.
2 27

Let Q) be the union of the sets of points lying inside the circles wy, w1, wo, . ... Find the probability
that a point randomly selected inside the AABC lies in 2. Round your answer to two decimals.

Answer: 0.63

Solution (ENG). Explaining the solution of the 1st version of the task, the others are solved
similarly.



Let’s draw lines parallel to BC' and tangent to the constructed circles. These lines split the triangle
ABC' into an infinite number of isosceles similar (due to the equality of all angles and circumcision
around the circle) trapezoids. Let’s calculate the probability that a point dropped into one of these
trapezoids will be inside the inscribed circle.

Let the bases of this trapezoid be x and y, the radius of the inscribed circle is R. The angle between the
lateral side and the height of the trapezoid is %. Then cos % = #ﬁy) since the sum of the lengths of
the bases is equal to twice the lateral side of the trapezoid (due to the existence of an inscribed circle).
The desired probability is equal to the ratio of the area of the circle to the area of the trapezoid:

TR? s /A

= — COS

T R(z+y) 4 2

The found probability is equal to the probability that is mentioned in the problem statement, since it
depends only on the angle % and a point accidentally thrown into the triangle will be in one of the
trapezoids, after which (with equal probability) will be inside a circle inscribed in a trapezoid.

Thus, P =T & =04,

Solution (RUS). Pas6op Bapuanrta N1, ocragabHbIE DENIAIOTCS AHATOTHIHO.

[Tposegem mpsimbie, Tapasiesbabie BC 1 Kacarommecst TOCTPOSHHBIX OKPYKHOCTEH. DTH TIPsAMBIE Pa30-
obtoT TpeyrobHuk ABC' Ha GecKOHEYHOe KOJIMYeCTBO paBHOOGEIPEHHBIX MOJO0HBIX (BBHJY DABEHCTBA
BCEX YIJIOB U OMUCAHHOCTH BOKPYT OKPYKHOCTH) Tpalenuii. BoIYucJuM BeposSTHOCTh TOTO, YTO TOYKA,
HOLIABIIIAY B OJIHY U3 ITUX TPaleNuil, OKayKeTCsd BHYTPH BIUCAHHOW B HEe OKPYKHOCTH.
[IycTh ocHOBaHMS TOMN Tpameun paBHbl X U Y, PaJANyC BIUCAHHON OKPYKHOCTH paBeH R. Yros MexKIy
= = i ZA ZA _ 2R
OOKOBOIT CTOPOHO! 1 BBICOTOI Tpanenuu pasen 5. Torga cos 5 = 7 To(rg)> MOCKOMBKY CyMMa JTHH
OCHOBaHW paBHA yJBOEHHON GOKOBOI CTOPOHE Tpamerun (BBUJLY CYIIECTBOBAHUST BIHCAHHON OKPYZKHO-
cru). VickomMasi BEpOSITHOCTh pAaBHA OTHOIMEHHUIO MIOIIAIA KPYTra K IJIOMATH TPAIEeIn:
TR? T /A
P=————=—cos—
Rz+vy) 4 2

Haiiiennast BepogTHOCTD paBHA BEPOSATHOCTH, O KOTOPOI FOBOPUTCS B YCJIOBUH 33/1a9H, IIOCKOJIBKY 3aBH-
CHUT TOJIBKO OT yIJIa %: TOYKA, CJIVIAiHO «OpoIlleHHasI» B TPEYTOJIbHHUK, OKayKeTCsl B OJTHON U3 Tpalenmuii,
1OCJIe Yero ¢ PaBHOI BEPOATHOCTHIO OKAXKETCsl BHYTPU BIIMCAHHON B TPAICNUIO OKPYZKHOCTH.

_ T, 8 _
Bnauut, P =7 - = =0.4.



Task 5.

) iinuTe nBe nocjennue nudpbl YACT . 3anumutTe 3th mudpLl B OTBET 1| -
1. Ha e IIBe IOCHe e cira 142921 4 152021 35 en orBeT 6e3 npode
JIOB, T.€. B BUJE JBY3HAYHOI'O IHCJIA.

Find the last two digits of the number 142921 4152921, Represent your answer as two-digit number.

Answer: 39

2. Haiinure ase nocaennue nudpsl guciaa 142922 4 152022 Sanumure 31 mudpol B oTBeT 6e3 npobe-
70B, T.e. B BUJE JABY3HAYHOTO UHC/IA.

Find the last two digits of the number 142922 4- 152922, Represent your answer as two-digit number.

Answer: 21

. 2 2
3. Haiinure nse mocieanne mudpsl uncaa 1429217 4+ 152021° Bamumure stu mudpsl B oTBeT 663 npo-
6€J10B, T.€. B BUIE JABY3HAYHOI'O YUC/IA.

Find the last two digits of the number 1420%% 4+ 152021* Represent your answer as two-digit
number.

Answer: 39

- 2 2
4. Haiimure nse mociaeanne nudpsl uncaa 1429227 4+ 152022° . Bamummre stn mudpel B 0TBeT 6€3 Ipo-
0es10B, T.e. B BUJIE JIBY3HAYHOTO YHCJIA.

Find the last two digits of the number 142022° 4 152022° Represent your answer as two-digit
number.

Answer: 41

Solution (ENG). Explaining the solution of the Ist version of the task, the others are solved
similarly.
Let’s write down the last two digits of the numbers 14" and 15™:

n 12 3 4 5 6 7 8 9 10 11 12
14" (mod 100) 14 96 44 16 24 36 04 56 84 76 64 96
15" (mod 100) 15 25 75 25 75 25 75 25 75 25 75 25

The last two digits of the numbers 14" (from n = 2) are repeating with a period of 10; the last two
digits of the numbers 15" (from n = 2) are repeating with a period of 2. Thus, the last two digits of
the numbers 14" 4+ 15" (from n = 2) are repeating with a period of 10.

So, the last two digits of the number 14202 4 15202 coincide with the last two digits of the number
14 + 15 i.e. equal to 39.

Solution (RUS). Pas6op Bapuanrta N1, ocragabHbBIE DEHIAIOTCS AHATOTHIHO.
Brinumem mocaeanne gse nudpsl qucen 14" u 15™:

n 12 3 4 5 6 7 8 9 10 11 12
14" (mod 100) 14 96 44 16 24 36 04 56 84 76 64 96
15" (mod 100) 15 25 75 25 75 25 75 25 75 25 75 25



JIBe moceanne mucpsbl ances 14", HauuHasI ¢ N = 2, MOBTOPSIOTC ¢ iepuoaoM 10; aBe mocieanue mud-
pol auces 15", HadmHas ¢ N = 2, HOBTOPSIOTCS C MEPUOIOM 2. SHAUUT, JIBE HOC/AeAHUEe MUu(pPHl TUCET
14™ + 15", maunnag ¢ n = 2, moBTOpgA0TCd ¢ mepuogom 10.

TaxmM obpazoM, mocreanne ape mudper uncaa 142021 + 152021 copnagaror ¢ mocaeaHuMu IByMs -
pamu uuciaa 141 + 151 re. pasub 39.

Task 6.

1. B a3pike ABAB ciioBom HazbiBaeTcs Jiobas mocseoBaTesbHocTb 6ykB A 1 B. CkoJIbKO cytecTBy-
€T PA3JIMIHBIX CJIOB 9TOTO SI3BIKA, 3AMUCBIBAEMBIX MIPU TOMOIIH 15 6YKB, B KOTOPBIX COJEPXKATCS
5 coueranmit AA n o 3 coueranus AB, BA u BB?
Coueranmem OYKB 3/€Ch HA3BIBAETCS IIOCJAEA0BATEIRHOCTh H3 JABYX OYyKB, mAyIHux moapsa. Ha-
mpumvep, B cioe ABAAB ects 4 coueranust 6yks: AB, BA, AA, AB.

In the ABAB language any word is a sequence of letters A and B. Find number of different words
of this language written with 15 letters and containing 5 combinations of AA, 3 combinations of
AB, 3 combinations of BA and 3 combinations of BB.

A combination of letters is a sequence of two letters written one-after-another. For example, in
the word ABAAB there are 4 combinations of letters: AB, BA, AA, AB.

Answer: 980

2. B a3bike ABAB ciioBoM Ha3bIBaeTcs Ji00ast mocaeoBaTesbHocTh OYKB A n B. CKOIBKO cyIecTBy-
€T pa3/IMYHBbIX CJIOB 3TOI'O dA3blKa, 3allUCbIBAa€MbIX DU IIOMOIIA 19 6yKB, B KOTOPBIX COAepPzKaTCA
6 couerannit AA u no 4 coueranus AB, BA u BB?
CogerarmeM OYKB 37€Ch HA3bIBAETCS IMOCIEI0BATETBHOCTD U3 JBYX OVKB, HAyImux noapsa. Ha-
mpumep, B ciope ABAAB ects 4 coueranns 6yks: AB, BA, AA, AB.

In the ABAB language any word is a sequence of letters A and B. Find number of different words
of this language written with 19 letters and containing 6 combinations of AA, 4 combinations of
AB, 4 combinations of BA and 4 combinations of BB.

A combination of letters is a sequence of two letters written one-after-another. For example, in
the word ABAAB there are 4 combinations of letters: AB, BA, AA, AB.

Answer: 13230

3. B sa3wike ABAB ciioBom HazweiBaercs jobas mocsenoarenbHOCTb OyKB A 1 B. CkobKO CyTecTBy-
eT PAa3JIMIHBIX CJIOB ITOTO A3bIKA, 3AMUCHIBAEMBIX MPU TOMOIIA 18 OYKB, B KOTOPBIX CO/IEPIKATCS
5 couerannit AA u no 4 cogeranus AB, BA u BB?
CoveranmeMm OYVKB 3/1€Ch HA3bIBACTCS MOCIEI0BATEIBLHOCTD H3 JBYX OVKB, mayiux mojapsi. Ha-
mpumep, B ciioe ABAAB ectw 4 coueranust 6yks: AB, BA, AA, AB.

In the ABAB language any word is a sequence of letters A and B. Find number of different words
of this language written with 18 letters and containing 5 combinations of AA, 4 combinations of
AB, 4 combinations of BA and 4 combinations of BB.

A combination of letters is a sequence of two letters written one-after-another. For example, in
the word ABAAB there are 4 combinations of letters: AB, BA, AA, AB.

Answer: 8330

4. B a3pike ABAB ciioBom HazbiBaetcs Jobas mocsieoBareabHocth OyKB A u B. CKoIbKO cyIecTBy-
€T PA3JIMYHBIX CJIOB 9TOTO SI3BIKA, 3AMUCBIBAEMBIX MPU MTOMOIIH 17 6YKB, B KOTOPBIX COJEPKATCS
7 couerannit AA u no 3 coueranusst AB, BA u BB?
Coueranmem OYKB 3/€Ch HA3BIBAETCS MOCIEI0BATEIBHOCTD U3 JBYX OVKB, mayiqux moapsii. Ha-
mpumep, B cioBe ABAAB ectw 4 coueranust 6yks: AB, BA, AA, AB.



In the ABAB language any word is a sequence of letters A and B. Find number of different words
of this language written with 17 letters and containing 7 combinations of AA, 3 combinations of
AB, 3 combinations of BA and 3 combinations of BB.

A combination of letters is a sequence of two letters written one-after-another. For example, in
the word ABAAB there are 4 combinations of letters: AB, BA, AA, AB.

Answer: 1920

Solution (ENG). Explaining the solution of the 1st version of the task, the others are solved
similarly.
Each letter of the word, except for the first and the last, is included in two combinations. Therefore,
the total number of letters A from these combinations is either double their number in the word (if the
first and last letters are not A), or double their number minus 1 (if exactly one letter A is on the edge),
or double their number minus 2 (if the word starts and ends with A). The total number of letters A in
two-letter combinations is 16, which means that the number of letters A in the word is either 8 or 9.
1) If there are 9 letters A in the word then the first and last letters are A. Let’s call a block a group of
identical letters in a row, which cannot be increased either from the left or from the right (for example,
in the word AABBBBBA there are exactly 5 blocks: AA, BB, A, BBB, A). Each block of letters B
begins with a combination of AB and ends with a combination of BA (remember that the first and
last letters of the word are A), which means there are exactly 3 blocks with letters B (according to the
number of combinations AB and BA).
The number of ways to split a sequence of 9 letters A by three blocks of letters B is equal to the number
of ways to select three «gaps» between a pair of letters A from 8 «gaps», i.e. Cj.
The number of ways to distribute 6 letters B between these three blocks is equal to the number of ways
to insert two partitions into the sequence of these letters with 5 «gaps» between them, i.e. C2.
2) Similarly, if the number of letters A is 8, then the word begins and ends with B. There are three
blocks of letters A and 3 positions in the word, where to insert these blocks into a sequence of 7 letters
B -~ C ways, and the number of ways to distribute the letters A between these three blocks is CZ.
So, the total number of words is Cs - C2 + Cg - C% = 980.

Solution (RUS). Pas6op Bapuanta N1, ocragbHbIe peNiaroTcsi AaHATOTHIHO.
Kaxkast 6ykBa coBa, KpoMe IIepBOil U IOCJeIHel, BXOIUT B ABa coderanud. [losTomy obimee Kosu-
4ecTBO OYKB A M3 9TUX cOUeTaHwmii — 370 JUOO YABOEHHOE WX KOJHYECTBO B CJIOBE (€I mepBasl u
nocse/isist OyKBbl — He A), b0 yIBOCHHOE MX KOJMdecTBO MuHyc 1 (ecsu poBHO onHa OykBa A crout
¢ Kpa), JubO yIBOEHHOEe WX KOJIUYIECTBO MHUHYC 2 (€CJIH CJIOBO HAUYMHAETCS M 3aKAHIMBAETCS Ha A).
Ob61tee kosmaecTBO OyKB A B JIByXOYKBEHHBIX COYETAHUSX paBHO 16 — 3HauwT, KOJMIecTBO OyKB A B
cjaoBe — oo 8, ubo 9.
1) Ecoin B coBe 9 6ykB A, To mepBast u nocjennue OyKBbl coBa — A. Hazosem 60KOM rpynmy oju-
HAKOBBIX OYKB, HJYIIUX MOJAPST, KOTOPYIO HEJIb3s YBEJIUUATH HU CJI€BA, HU ClipaBa (HAIpUMeED, B CJIOBE
AABBABBBA posuro 5 6iokos: AA, BB, A, BBB, A). Torna kaxaeii 60k OyksB B maumHaercs ¢
coueranus AB u 3akanunBaercs couerannem BA (He 3a0bIBaeM, 9TO nepBas U MOCTe/Hsis OYKBbI CJIOBA
- A) — 3uauuT, 6;0KoB ¢ 6ykBamu B posro 3 (mo KosmmdaecTBy coderanuit AB u BA).
KoamgectBo cocobos pa3bueHus mocjaenoBaTeabHOCTH 3 9 OykB A Tpems Osiokamu 6ykB B paBHO KO-
JIMYECTBY CMOCOO0OB BBHIOPATH TPH «3a30pay MexKIy mapoil 6yxs A n3 8 «3a30pos» , T.e. C5.
Konudaecrso ciocobos pacupeseurb 6 OyksB B Mexky 3ruMu TpeMs 0J10KaMU PABHO KOJIMYECTBY CIIO-
cODOB BCTaBUTH JIBE MEPETOPOJKHU B MOCJEIOBATEILHOCTD 3TUX OYKB MPH O «3a30pax» ME¥XK/y HUMHU, T.€.
cz.
2) AHajoruvaHo, ecaiu KOIUIecTBO OYKB A PaBHO 8, 3HAYUT, CJIOBO HAYMHAETCS U 3aKAHUYUBAELTCS Ha B.
B cioBe ecth Tpu 6;10Ka OYKB A M 3 mO3UIKH, KyAa BCTABATH 9TH OJIOKH B HOCIEI0BATENIHHOCTDH U3 7
oyks B — Cg c11ocoboB, a KoJIMuecTBO Clocob0B pacipeie/intb GyKBbl A MexK/1y 3TuMu Tpems 6/10Kamu
pasro C2.
Urax, obmee konuuectso cios pasuo Cg - C2 + Cg - C2 = 980.



10-12 degree

Task 1.

1. B cocyn, umeromuii (popMy IpsSMOro KpyroBoro KoHyca, HAJTHBAIOT BOLy. Ecau cocyn ycTaHOBIeH
«OCTPBIM» KOHIIOM BHHU3, TO PACCTOAHHE OT YPOBHSI BOJIbI JIO IJIOCKOCTH OCHOBAaHHUsI KOHYCa PABHO
1 m. Korma cocyr mepeBepry i, 0Ka3aa0Ch, 9T0 PACCTOSTHAE OT YPOBHS BOJBI JI0 «OCTPOTO» KOHIIA
cocyna pasro 4 M. Haiiaure BICOTY cOCYIa, OTBET AaifTe B METpaxX, IPH HEOOXOTMMOCTH OKPYT-
JIUB JI0 COTHIX.
Ob6beM KoHYCa MOKeT O6BITh HaigeH 1o popmyae V = %S - h, rae S — miaomaab ero ocHoBaHHs, h
— BbICOTA.

Water is poured into a vessel of the form of a straight circular cone. If the vessel is installed
with the «sharp» end down then the distance from the water level to the base of the cone is 1
m. When the vessel was turned over, it turned out that the distance from the water level to the
«sharp» end of the vessel is ¥4 m. Find the height of the vessel; give your answer in meters,
rounded to two decimals if needed.

The volume of a cone can be found by the formula V = %S -h, where S is the area of its base and
h is its height.

Answer: 1.62

2. B cocyn, nmeromuii popMy IpsIMOTO KPYroBOro KOHycCa, HAIUBAIOT Boay. Ecan cocyn ycTaHOBIEH
«OCTPBIM» KOHIIOM BHHU3, TO PACCTOSHHE OT YPOBHS BOIBI JIO IJIOCKOCTH OCHOBaHHUsI KOHYCa PABHO
1 m. Korma cocyn nepeBepHy/n, OKa3a/J0Ch, 9TO PACCTOSIHUE OT YPOBHSI BOJBI JI0 «OCTPOTO» KOH-
na cocyjaa pasHo v/13 M. HaityiuTe BbICOTY cocyna, OTBeT jJaiiTe B MeTpax, IPU HeOOXOJUMOCTH
OKPYIJIMB 10 COTHIX.
Ob6beM KoHYCa MOXKET O6BITh HaiaeH o ¢popmyae V = %S - h, rae S — miaomaab ero ocHoBaHH, h
— BbICOTA.

Water is poured into a vessel of the form of a straight circular cone. If the vessel is installed
with the «sharp» end down then the distance from the water level to the base of the cone is 1
m. When the vessel was turned over, it turned out that the distance from the water level to the
«sharp» end of the vessel is v/13 m. Find the height of the vessel; give your answer in meters,
rounded to two decimals if needed.

The volume of a cone can be found by the formula V = %S -h, where S is the area of its base and
h is its height.

Answer: 2.56

3. B cocya, nmeromuit popMy npsiMoro KpyroBoro KoHyca, HaJuBaloT Bojy. Eciu cocy/ ycraHoB/ieH
«OCTPBIM» KOHIIOM BHHU3, TO PACCTOSHHE OT YPOBHS BOIBI JI0 IJIOCKOCTH OCHOBAaHHUsI KOHYCa PABHO
1 m. Korma cocy nepeBepHy/in, OKa3a/J0Ch, YTO PACCTOSTHHE OT YPOBHS BOJBI 0 «OCTPOT0» KOH-
na cocyja pasHo v/28 M. HaitniuTe BbICOTY cocyna, OTBeT jJaiiTe B MeTpax, IPU HeOOXOJUMOCTH
OKPYIJIUB 10 COTHIX.
Ob6mbeM KoHYCA MOXKeT OBITh HaiaeH mo ¢opmyae V = %S - h, roe S — maoIaabp ero OCHOBaHH, h
— BbICOTA.

Water is poured into a vessel of the form of a straight circular cone. If the vessel is installed
with the «sharp» end down then the distance from the water level to the base of the cone is 1
m. When the vessel was turned over, it turned out that the distance from the water level to the
«sharp» end of the vessel is ¥/28 m. Find the height of the vessel; give your answer in meters,
rounded to two decimals if needed.



The volume of a cone can be found by the formula V = %S -h, where S is the area of its base and
h is its height.

Answer: 3.54

4. B cocyx, numeromuii (popMy HpsSMOro KpyroBOro KOHyCa, HaauBalT Boay. Ecim cocys ycraHoB/eH
«OCTPBIM» KOHIIOM BHHU3, TO PACCTOSHHE OT YPOBHSI BOJBI JIO IIOCKOCTH OCHOBAHHUSI KOHYCA PABHO
1 m. Korna cocyn mepeBepHyJIH, 0KA3aJ0Ch, YTO PACCTOAHUE OT YPOBHS BOJABI 10 «OCTPOr0» KOH-
na cocyaa pasuo v76 m. Haiinure BbicoTy cocyna, oTBer gaiiTe B MeTpax, LPU HEOOXOLUMOCTH
OKPYTJIUB 10 COTBIX.
Obmbem koHYCA MOXKET OBITH HaligeH o ¢opmyae V = %S - h, noe S — maoma b ero ocHoBaHus, h
~ BBICOTA.

Water is poured into a vessel of the form of a straight circular cone. If the vessel is installed
with the «sharps end down then the distance from the water level to the base of the cone is 1
m. When the vessel was turned over, it turned out that the distance from the water level to the
«sharp» end of the vessel is ¥/76 m. Find the height of the vessel: give your answer in meters,
rounded to two decimals if needed.

The volume of a cone can be found by the formula V = %S - h, where S is the area of its base and
h is its height.

Answer: 5.52

Solution (ENG). Explaining the solution of the 1st version of the task, the others are solved
similarly.
Let h be the height of the vessel, V{ its volume, R the radius of the base, V' the volume of water. If the
vessel is installed with the «sharp» end down, then the water fills the cone with the height A~ — 1 and
the radius of the base Ry = %1 R (due to the similarity of the axial sections of the cones). After turning

over, the water fills a truncated cone of height h — z (here z = v/4) with base radii R and Ry, = £R.

Applying the cone volume formula, we get h3 — (h—1)> = 23, thus h = L(1+ /223 — 3) = L(1+V5) ~
1.62.

Solution (RUS). Pas6op papuanra N1, ocrajipibie pemialorcs aHaJoraaHo.
ITycts h — BwIcOTa cocyna, Vy — ero obobém, R — pajamyc ocHoBanmsi, V — 00bEéM BOjbl. Ecim cocy
YCTaHOBJICH «OCTPBIM» KOHIIOM BHH3, TO BOJa 3allOJHAET KOHYC BBICOTBHI h —1mn paanyCcoM OCHOBaHHA
R, = %R (BBULY mOI06UST OCEBBIX cedeHmit KOHYcoB). [locste mepeBopadunBanus BoJa 3aI0JHSAET yce-

R.
(1+4/52%—3) =

o o 3 o
YEHHBIH KOHYC BBICOTON h — = (31ech & = \/4_1) ¢ pajuycamu ocHoBanuit R u Ry =
1
2

[Tpumensist Gpopmyny obbéma konyca, noayuanm h? — (h — 1)3 = 23, orkyna h =
11+ +5) ~ 1.62.

Task 2.

1. Baps u Codbs urpator B urpy: Baps numrer na jgocke narypaabaoe N, morom Codbst gonuceBaer
K Hemy crupasa 8 nudp. Ecan nogxyuamics kBagapar HaTypaabHOTO ducia, To Codbs mobex aer.
[Ipu kakom naumenbiiem N Codbs He MOXKeT 06eIUTD?

Barbara and Sophie play a game: Barbara writes positive integer N on the board, then Sophie
adds 8 digits to it on the right. If they get a complete square of some integer, then Sophie wins.
What is the smallest N such that Sophie cannot win?

Answer: 25010000



2. Bapsa u Codbs urpatot B urpy: Baps nuier Ha nocke HarypasbHoe N, moroMm Codbsl J0NMHCHIBAET
K Hemy crpasa 4 mudpsl. Ecin nosyyansics kBaapar narypaabHoro ducia, 1o Codbs modexaer.
[Tpu kakom nHammenbiiem N Codbs He MOXKeT T00eTUTD?

Barbara and Sophie play a game: Barbara writes positive integer N on the board, then Sophie
adds 4 digits to it on the right. If they get a complete square of some integer, then Sophie wins.
What is the smallest N such that Sophie cannot win?

Answer: 2600

3. Bapsa u Codbsa urpator B urpy: Bapg nuirer na jmocke sarypasibaoe N, morom Codbs 10MUCHIBAET
K Hemy crpasa 6 nudp. Eciu nosyauics kBajapar HaTypaabHoro ducia, To Codbs mobexaaer.
[Ipu kakom naumenbiieM N Codbs He MOXKeT M0OeIUTDH?

Barbara and Sophie play a game: Barbara writes positive integer N on the board, then Sophie
adds 6 digits to it on the right. If they get a complete square of some integer, then Sophie wins.
What is the smallest N such that Sophie cannot win?

Answer: 251000

4. Baps u Codbs urpator B urpy: Bapst numier nHa gocke Harypasabaoe N, morom Codbs JonuchBaeT
kK Hemy crupasa 10 mudp. Ecin nosyanica kBagpar mHatypasbHoro qncia, 7o Codba mobexpaer.
[Ipn kakom naumenbiiem N Codbs He MOXKeT 06eUTDH?

Barbara and Sophie play a game: Barbara writes positive integer N on the board, then Sophie
adds 10 digits to it on the right. If they get a complete square of some integer, then Sophie wins.
What is the smallest N such that Sophie cannot win?

Answer: 2500100000

Solution (ENG). See solution of the task 4 for 7" degree.
Solution (RUS). Cwm. perenne 3amaan Ned st 7 1.

Task 3.

1. B tpeyroapank AABC ¢ AB = AC BnucaHa OKPYKHOCTH (Ha30BeM ee wy). CTponTCs moc/e0-
BaTEJIbHOCTb OKPYKHOCTEN Wy, Wi, Ws, . . ., IPUIEM KayK/Ias CJeIYIONasd nMeeT MeHBIIW pajnyc,
deM MpeJbIIyInasi, U Kacaercs ee (B 4aCTHOCTH, Wy Kacaercsl wy) U cTopon yria ZA. U3BecTHo,
9TO COS % = 5§.

™
[Tycts €2 — 00beuHEHHE MHOXKECTB TOYEK, JIeXKAIUX BHYTPU OKPYKHOCTEI Wy, W1, We, . . .. Haiimm-
Teé BEePOATHOCTH TOTO, 9TO TOYKA, CAyJIaiiHbIM oOpa3oMm Beibpanuast BuyTpu AABC, comepxuTcs

B (). OTBeT OKPYT/INTE O COTHIX.

A circle (let’s call it wp) is inscribed in a triangle AABC with AB = AC. A sequence of circles

Wp, W1, Wa, . . . is constructed such that each next circle has a smaller radius than the previous one
and touches it (in particular, w; touches wp) and the sides of the angle ZA. It is known that
ZA 8
cos =2 = =,
2 57

Let €2 be the union of the sets of points lying inside the circles wyp, w1, ws, . ... Find the probability
that a point randomly selected inside the AABC lies in 2. Round your answer to two decimals.

Answer: 0.4

2. B rpeyrosbauk AABC ¢ AB = AC Bnucana OKpy:KHOCTh (Ha30BeM ee wp). CTponTest mocsieno-
BaTEJILHOCTDH OKPYZKHOCTEH Wy, Wi, Ws, . . ., IPUUEM KarKJias CJAEIYIONas UMeeT MEHbITUH PaJinyc,



4eM MpeJbIIyInasi, U Kacaercs ee (B 4aCTHOCTH, Wy KAcaeTcst wy) U cTopon yria ZA. M3BecTHo,

9TO COS % = i
o
[Tycts €2 — 0ObeuHEHNE MHOKECTB TOUEK, JeKAINX BHYTPU OKPYKHOCTEI Wy, W1, We, . . .. Haiimm-

T€ BEPOSITHOCTH TOTO, 9TO TOYKA, CAyJIaitHbIM oOpa3om BeiOpanHasi BHyTpu AABC, comepuTcs
B (). OTBeT OKPYTJIUTE 0 COTHIX.

A circle (let’s call it wp) is inscribed in a triangle AABC with AB = AC. A sequence of circles

Wp, W1, Wa, . . . is constructed such that each next circle has a smaller radius than the previous one
and touches it (in particular, w; touches wp) and the sides of the angle ZA. It is known that
ZA _ 14
cos 5= = =,
2 5w

Let €2 be the union of the sets of points lying inside the circles wy, w1, ws, . ... Find the probability
that a point randomly selected inside the AABC lies in €2. Round your answer to two decimals.

Answer: 0.7

. B tpeyroapank AABC ¢ AB = AC BnucaHa OKPYKHOCTH (Ha30BeM ee wy). CTponTCst mocie10-

BaTeJIbHOCTb OKPYKHOCTEN Wy, W1, Wy, . . ., IPUIEM KayK/Ias CJeIyIONas uMeeT MeHBIIU pajanyc,

deM MpebIIyInasi, U Kacaercs ee (B 4aCTHOCTH, Wy KAcaercsl wy) U ¢Topon yria ZA. M3BecTHo,

9TO COS % =3,
™

[Tycts €2 — 0ObeuHEHNE MHOXKECTB TOUEK, JIeXKAIUX BHYTPU OKPYZKHOCTEI Wy, Wy, We, . . .. Haiimm-

T€ BEPOATHOCTH TOTO, 9TO TOYKA, CAyJIaitHbIM oOpa3om Beibpanuasi BHyTpu AABC, comepkuTcs

B (2. OTBEeT OKPYIVIMTE /IO COTHIX.

A circle (let’s call it wp) is inscribed in a triangle AABC with AB = AC. A sequence of circles

Wp, W1, Ws, . . . is constructed such that each next circle has a smaller radius than the previous one

and touches it (in particular, w; touches wg) and the sides of the angle ZA. It is known that
/A _ 3

cos &8 = 2

2 o

Let €2 be the union of the sets of points lying inside the circles wy, w1, ws, . ... Find the probability
that a point randomly selected inside the AABC lies in 2. Round your answer to two decimals.

Answer: 0.75

. B tpeyrompank AABC ¢ AB = AC BnucaHa OKPYKHOCTH (Ha30BeM ee wy). CTPONTCs moCIe/10-
BaTEJIbHOCTb OKPYKHOCTEN Wy, W1, Ws, . . ., IPUIEM KayK/1as CJeIYIONasd nMeeT MeHBIIWI pajnyc,
deM MpeblIyIiasi, U Kacaercs ee (B 9aCTHOCTH, Wy Kacaercsl wy) U cTopon yria ZA. U3BecTHo,
9TO COS % = 21

™
[Tycts €2 — 00beuHEHHE MHOXKECTB TOYEK, JIEXKAIUX BHYTPU OKPYKHOCTEI Wy, W1, We, . . .. Haiimm-
Teé BEePOATHOCTH TOTO, 9TO TOYKA, CAyJIaiiHbIM oOpa3oMm Beibpanuast BuyTpu NAABC, comepxuTcs

B (). OTBeT OKPYT/INTE O COTHIX.

A circle (let’s call it wp) is inscribed in a triangle AABC with AB = AC. A sequence of circles

Wp, W1, Wa, . . . is constructed such that each next circle has a smaller radius than the previous one

and touches it (in particular, w; touches wg) and the sides of the angle ZA. It is known that
/A _ 5

Ccos &5 = =~

2 27"
Let €2 be the union of the sets of points lying inside the circles wyp, w1, ws, . ... Find the probability

that a point randomly selected inside the AABC lies in 2. Round your answer to two decimals.

Answer: 0.63

Solution (ENG). See solution of the task 4 for 8-9 degree.

Solution (RUS). Cwm. pemenne 3amaan Ned st 8-9 kot



Task 4.

1. Haiinure koauuecTBo map (x;y) HATYPAJbHBIX YHCEN, SABJSIONINXCS PEIIEHHeM yYPaBHEHHs

1 1 1

Ty 20212

Ecau x # y, 1o napst (z;y) u (y; ) CIATAIOTCA PA3ITAIHBIMH.

Find the number of ordered pairs (z;y) of positive integers satisfying
1 1 1

Ty 2000
If x # y then pairs (x;y) and (y; ) are considered to be different.
Answer: 25

2. Haitjure kojmyectBo nap (r;y) HATYPAJbHBIX YHCEJI, SB/ASIONIUXCA PEIEHUEM YPABHEHUSE

1 1 1

: Ty 20215

Eciau x # y, 1o napst (z;y) u (y; ) CIATAIOTCA PA3ITAIHBIMHA.

Find the number of ordered pairs (x;y) of positive integers satisfying
1 1 1

x|y 20215
If x # y then pairs (z;y) and (y; ) are considered to be different.
Answer: 121

3. Haiigure konmnvecTBo nap (z;y) HATYDATHHBIX YHCEJI, SIBSIFONIAXCS PEIeHneM YpaBHeHNUsT

1 1 1

vy 20211

Ecan x # y, o napst (z;y) u (y; ) CIATAIOTCS PA3ITTHBIMI.

Find the number of ordered pairs (z;y) of positive integers satisfying
1 1 1

s Ty T 20210
If x # y then pairs (x;y) and (y; x) are considered to be different.

Answer: 529

4. Haiiaure KommdaecTBo map (x;y) HATYPAIBHBIX YHCEJ, SIBJSIONUXCS PEIICHUEM yPABHEHMUSI

1 1 1

|y 20217

Eciau x # y, o napst (z;y) u (y; ) CINTAIOTCA PA3TAIHBIMHA.

Find the number of ordered pairs (x;y) of positive integers satisfying
1 1 1

x y 20217
If x # y then pairs (z;y) and (y; ) are considered to be different.

Answer: 1225



Solution (ENG). Explaining the solution of the Ist version of the task, the others are solved
similarly.
Let’s look at the equation (for positive integers z,y and positive integer parameter n):

1 1 1
— + - = —
r Yy n
%:%:>xy—nx—ny:0:>:vy—nx—ny+n2:n2:> (x —n)(y —n) =n? while z,y > n.
Any solution (z,y) of the equations corresponds to ordered pair of positive integers (dy,dy) with
dy - dy = n%. Number of those pairs equals to the number of divisors of n?. Let’s don’t forget that
number of divisors of pi'ph? - ... . pkm (for different primes p; and positive integers k;) equals to
(k1 + )(ka + 1) -+ (K + 1).
Thus, the number of divisors of 20212 = 43% . 472% is equal to (2k + 1)%. Therefore, the number of
solutions of initial equation (i.e. for k = 2) equals to 25.

Solution (RUS). Pas6op Bapuanrta N1, ocraabHbIE PEHIAIOTCS AHATOTHIHO.
PaceMOTpEM ypaBHEeHHE B HATYPAJBHBIX YHCIAX ¢ HATYPAILHBIM HAapaMeTPOM 1
1 1

1
T Yy n
%:%:>xy—nx—ny:0:>xy—n$—ny+n2:n2:> (x —n)(y —n) =n? rue z,y > n.
Kaxkqomy perrenuto (x,y) 5TOro ypaBHeHHUsT COOTBETCTBYeT ynopsijouenHas napa (dy, dy) HATYpaThbHBIX
qpces, 1 KOTOphIX di - dy = n?. KommdecTso TakuxX map paBHO KOJMYeCTBY AeiuTeneil uuciaa n’. [Ipu
9TOM KOJIIYECTBO feinresned qncaa phiph? - ... . pfm (115 pasmmanbIX HPOCTEIX p; W HATYDATBHBIX ;)
pasuo (k1 + 1)(ke + 1) -+ (ky, + 1).
Konmaectro genureneit uncaa 202128 = 43%F . 47%F papno (2k + 1)2. Bnauut, KoaM4ecTBO perenuii uc-
XOJIHOTO ypaBHeHwusi (T.e. st k = 2) paBHO 25.

Task 5.

1. OnummTe aJropuT™ NOCTPOEHNUS (¢ TOMOIIBIO IIUPKYJISA W TMHEHKN Ge3 jeeHuii) mpsiMoy ToabHOTO
TPEYTOJBLHAKA N0 TUIIOTEHY3€ W OTHONICHUIO KATCTOB, PABHOMY %.
C moMoImbio MEPKYIST MOXKHO IPOBOJTATH OKPYKHOCTH MPOU3BOJIBHOTO JIHOO 38 JAHHOI'O PAIAYCa, a
JIMHEHKA HO3BOJISIET POBOJUTH IIPOU3BOJILHYIO IIPSIMYIO, JIHOO MPSIMYIO, HPOXOASIIYIO 4€PEe3 OJHY
AIH JIBe 3ajaHHble TOYKH. TaK>Ke MOXKHO OTMedaTh IPOU3BOJBHYI0 TOUKY IMJIOCKOCTH (TIPSMOI,
OTpe3Ka, OKPYKHOCTH) W TOYKH MEPECeTeHUsT IIPSIMbIX H OKPY KHOCTEH.

Describe the algorithm of constructing (using a compass and a ruler) a right-angled triangle
knowing its hypotenuse and the ratio of its legs being equal to %.

With the help of a compass you can draw circles of arbitrary or given radius; the ruler allows you
to draw an arbitrary straight line or a straight line passing through one or two given points. You
can also mark an arbitrary point on the plane (or a straight line, or a segment, or a circle) and
intersection points of straight lines and circles.

2. Onuiure aJaropuT™M MOCTPOEHHUsI (€ MOMOTIBIO MUPKYJIS U JTUHEHKH 6e3 JeIeH i) TPSIMOYTOJIbHOTO
TPEYTONBHAKA [0 TUIOTEHY3€ W OTHOIICHHIO KATETOB, PABHOMY V/3.
C moMoTIb0 MUPKYJIT MOMKHO IPOBOJATH OKPYKHOCTH MPOU3BOJIBHOTO JIHOO 38 JAHHOIO PAIAYCa, a
JIHHEHKA HO3BOJISICT MPOBOJUTH IIPOU3BOJIBHYIO IIPSIMYIO, JTHOO MPIMYIO, IPOXOJAIIYI0 9€Pe3 OTHY
WIH JIBe 3ajlaHHble TOYKH. TakxKe MOXKHO OTMe4YaTh HPOHU3BOJBHYIO TOYKY ILIOCKOCTH (NPSIMOIi,
OTpe3Ka, OKPYXKHOCTH) U TOYKH MEPECeIeHUs IMPSIMBIX H OKPY>KHOCTEH.

Describe the algorithm of constructing (using a compass and a ruler) a right-angled triangle
knowing its hypotenuse and the ratio of its legs being equal to v/3.



With the help of a compass you can draw circles of arbitrary or given radius; the ruler allows you
to draw an arbitrary straight line or a straight line passing through one or two given points. You
can also mark an arbitrary point on the plane (or a straight line, or a segment, or a circle) and
intersection points of straight lines and circles.

3. Omnuimure aaropuT™ MOCTPOeHHs (¢ TOMOIIBIO MUPKY/IA U JHHEHKH 6e3 meseHnii) TpeyroJbHuKa
Mo Pajnycy BITUCAHHONW OKPYXKHOCTU W OTHONIEHWIO JJTUH CTOPOH, paBHOMY 4 : 5 : 7.
C noMonipio MUPKYJIsT MOXKHO IIPOBOJUTH OKPYKHOCTH IIPOH3BOJIBHOTO JIHOO 38 JaHHOTO PaJIHyca, a
JIHHEHKA HO3BOJISIET MPOBOJUTH IIPOU3BOJIBHYIO IIPSIMYIO, JTHOO MPSIMYIO, IPOXOASIIYIO Ie€Pe3 OIHY
WIH JIBe 3ajlaHuble TOYKH. Tak:Ke MOXKHO OTMeYaTh HPOU3BOJBHYIO TOYKY ILIOCKOCTH (TIPSMOIi,
OTpe3Ka, OKPYKHOCTH) U TOYKH MEPECeICHAsT IIPIMBIX H OKPYKHOCTEH.

Describe the algorithm of constructing (using a compass and a ruler) a triangle knowing its
inscribed circle’s radius and the ratio of its sides being equal to 4 : 5: 7.

With the help of a compass you can draw circles of arbitrary or given radius; the ruler allows you
to draw an arbitrary straight line or a straight line passing through one or two given points. You
can also mark an arbitrary point on the plane (or a straight line, or a segment, or a circle) and
intersection points of straight lines and circles.

4. Onumure AIrOpUTM HOCTPOEHHUS (C MOMOIIBIO MUPKYJIst W JUHeHKH 6e3 jeseHnil) TpeyroJbHIKa
10 ero NepuMeTpy M JBYM OCTPBIM yTJIaM.
C moMotpro MEPKYJIST MOXKHO IIPOBOJATH OKPYKHOCTH MPOU3BOJIBHOTO JIHOO 38JaHHOI'O PAJIAYyCa, &
JIHHEHKA HO3BOJISIET MPOBOJUTH IIPOU3BOJIBHYIO IIPSIMYIO, JTHOO MPSIMYIO, IPOXOASIIYIO I€Pe3 OIHY
WIH JIBe 3ajlaHHble TOYKH. Tak:Ke MOXKHO OTMeYaTh HPOU3BOJBHYIO TOYKY ILIOCKOCTH (TIPSMOIi,
OTpe3Ka, OKPYKHOCTH) W TOYKH MEPECeICHAsT IIPIMbIX H OKPYKHOCTEH.

Describe the algorithm of constructing (using a compass and a ruler) a triangle knowing its
perimeter and its two acute angles.

With the help of a compass you can draw circles of arbitrary or given radius; the ruler allows you
to draw an arbitrary straight line or a straight line passing through one or two given points. You
can also mark an arbitrary point on the plane (or a straight line, or a segment, or a circle) and
intersection points of straight lines and circles.

Solution (ENG). Explaining solution of the task 2.
First, we put a segment of a given length (we denote it by x) on an arbitrary straight line. Let’s draw
circles of radius x with centers at the ends of this segment — they intersect at two points, each of which,
together with the ends of the original segment, forms a triple of vertices of an equilateral triangle.
Dividing one of the sides of this triangle in half and connecting its center with the opposite vertex we
get a triangle, the hypotenuse of which is equal to the given segment, and the ratio of legs is tg 60° = v/3.

Comment. In solving problems 3 and 4, an algorithm for constructing a triangle similar to the original
one is used. This algorithm is based on the following:

Let the points By, By be marked on the ray AB, the points C,Cy on the ray AC, and the points A, B, C
do not lie on one straight line. If B,C} || ByCy, then ;%12 = é?l%g'

The truth of this statement immediately follows from the similarity between AAB;C, and AAB,Cs.
Thus, if we construct a triangle similar to the required one, then we will need to make a construction
that implements a homothety centered at one of the vertices of this triangle with a coefficient equal to
the ratio of the constructed segment (in problem 3 — the radius of the inscribed circle, in problem 4 —

the perimeter) to the one given by condition.

Explaining solution of the task 3.
Let’s put a segment of an arbitrary length (we denote it by z) on an arbitrary straight line. Let’s put
on this straight line segments of length 4x, 5z, 7z — sides of a triangle similar to the required one; it



exists because 4x + 5x > Tx. Then we construct circles with centers at the ends A and B of a segment
of length 7x and radii 4z and 5x, respectively. We call one of the intersection points of these circles C
— thus, AABC is constructed similar to the required one.

Let’s construct a circle inscribed in it: for that we draw the bisectors of its two corners; the point of
their intersection is the center of the circle, from which we drop the perpendicular to one of the sides
of the triangle; its length is the radius of the circle.

then we put on an arbitrary straight line the segment K L equal to the radius of the circle inscribed in
AABC and the segment LM equal to the one specified in the condition (the point L is located between
points K and M). Set aside an arbitrary ray K P that does not lie on the straight line KM, and on this
ray there is a segment KT equal to AC = 4x. Draw the line LT and the line M S || LT: the segment
TS is equal to the side A;C; of the required triangle. by dividing this side into 4 equal segments we get
the segment y = %TS. Triangle with sides 4y, 5y, Ty is the required one.

Solution (RUS). Pas6op Bapuanrta Ne2.
CHavasa OTJI0KHM HA TIPOU3BOJIBLHOI MPSMOIT 0TPe30K 3ajaHHol ikl (06o3HaYnM ee 3a x). [Ipose-
J€eM OKPY2ZKHOCTH paJiyca T ¢ IMEeHTPaMHU B KOHIAX 3TOTO OTPE3Ka — OHU IePeCceKyTCd B JIBYX TOYKaX,
KazKJIask U3 KOTOPBIX BMeCTe ¢ KOHIIAMH HCXOJIHOI'O OTpe3Ka o0pa3yeT TPOiKy BepIIHH PABHOCTOPOHHErO
TpeyroJabHuKa. Pa3aennM momosaamM OgHY W3 CTOPOH 3TOTO TPEYTOJbHHUKA W COSJMHUM ee MEeHTpP ¢ MPo-
TUBOIIOJIOXKHOW BEPUIMHON — IOJAYyYUM TPEyrOJAbHUK, TUIOTEHY3a KOTOPOI'0 PaBHA 3aJaHHOMY OTPE3KY,
a OTHOIIEHIEe KaTeToB paBHO tg 60° = /3.

Kommenrapuit. B pemtennu 3a71a4 3 u 4 3aieficTByeTCs aJIrOPUTM IIOCTPOCHUAA TPEYTOJILHUKA, [T0JT00HOr0
HUCXOJTHOMY. DTOT aJCOPUTM DA3UPYeTCs Ha CJAEIYIONEM:

Ilycrp na ayue AB ormeuensr Toukn By, By, Ha jayde AC — rouku C1,Cy, npmaem roukn A, B,C He
gezkar Ha ogHoi upsvoii. Ecin B1CY || BoCs, 1O E?l%z = %.

M cTHHHOCTD 3TOTO YTBEP:KICHNUA HeMeaIeHHo caeayeT u3 nogobus AAB1Cy u AAByCs.

Taxum 06pa3oM, ecjii Mbl IIOCTPOUM TPEYTOJIbHHK, ITOJ00HBIN TpedyeMoMy, TO jaJjee moTpedyercs mpo-
U3BECTU IIOCTPOCHHE, PEATU3YIONee MOMOTETHIO ¢ MEHTPOM B OJHONH M3 BEPIIHH ITOTO TPEYTroJbHHUKA
¢ koabdunuenToM, paBHBIM OTHOIICHHIO MMOCTPOCHHOIO OTpe3Ka (B 3ajade 3 — pajuyca BIUCAHHON

OKDY’KHOCTH, B 3aja4e 4 — mepuMerpa) K 3aJaHHOMY 110 YCJIOBHIO.

Pazb6op Bapmanrta Ne3.

OT10KMM HA TIPOU3BOJIBHON MPSIMON OTPE30K TIPOU3BOJIBHON JTHHBL (0003HAYNM 9Ty JIuHY 38 ). OT-
JIO?KUM Ha 9TOH MPAMON OTpe3KH JMUHBI 42, 5x, 7x — CTOPOHBI TPEYroJabHUKA, TOJI0OHOTO TpebyeMoMy;
OH CYIIECTBYET, OCKOABKY 4x + Hx > Tx. [TocTponM OKpyzKHOCTH ¢ eHTpamu B KoHIax A u B orpeska
O Tx m pagmycamu 4r u 5r coorBercTBenHo. OJHY M3 TOUEK MEPeCedeHUs] ITUX OKPYKHOCTE
HazoBeM C — takuM 0bpa3om, moctpoer AABC, momobHbIil TpebyeMoMmy.

[TocTpouM OKpYKHOCTH, BHHCAHHYIO B HEroO: JIjIs 3TOrO IIPOBeIeM ODHCCEKTPHUCHI ABYX €0 YIJIOB; TOYKA
UX MepecevdeHns — MeHTP OKPYKHOCTH, U3 KOTOPO# OIIYCTHM MepIeHIUKYIdp K OJHON U3 CTOPOH Tpe-
YTOJbHUKA; €r0 JJINHA — PAJTILYC OKPYKHOCTH.

OrioK¥UM Ha TPOU3BOILHOI MPsiMoit oTpe3ok K L, paBHbIi paanycy okpy:kuocTH, Buucaunuoii B AABC,
u orpe3ok LM, paBHblil 3a7anHOMY B yesaoBuu (Touka L pacnonoxkena mexay Toukamu K u M). Or-
JIOYKUM TIPOU3BOJBHBIN Iyd K P, He jtexkamuii Ha npgaMoit K M, n Ha 3TOoM Jiyde — oTpe30ok KT, paBHBIT
AC = 4x. Tlposegem npsamyio LT u upsmyio M S || LT: otpesok T'S pasen cropone A;C| Tpebyemoro
Tpeyrojibuuka. Pasiesnm 31y cTopony Ha 4 paBHBIX OTPE3Ka — HOJyYUM OTPE30K Y = }LTS . Tpeyrosb-
HUK €O cTopoHamu 4y, 5y, 7y — TpebyeMblii.



Task 6.

1. Pemure /15 MOMOKUTEIBHBIX X1, L2, . . . , L2021

'2:1:1 + g =12 — (331 — 2x9 + $2021)2
2y 15 = 12— (2 ~ 22y 1 1)

213 + % =12 — (x5 — 224 + 72)?

Z

18 2
2T2020 + Ta0m1 12 — (29020 — 222021 + T2019)

( 229021 + % =12 — (22021 — 221 + Ta020)?

Solve for positive 1, s, ..., Togo1:

(22, + g =12 — (21 — 229 + 372021)2
A
2wy B =10y 2
m21§321 =12 — (3;2020 — 29001 + 132019)2

[ 279021 + g =12 — (22091 — 221 + Ta020)?

229020 +

Answer: T1 = Ty =+ = X021 — 3
2. Pemmure 17151 IOJIOKUTEIBHBIX L1, Lo, . .., L9021 "

(31131 + % =30 — ([El — 21‘2 + ZE2021)2
3wy + 22 =30 — (w2 — 2x3 + 11)°
3w+ 2 =30 — (w3 — 204 + 22)°
32020 + m;il = 30 — (w2020 — 2T2021 + T2019)°

[ 372021 + Z—? =30 — (22021 — 221 + 352020)2

Solve for positive 1, xa, ..., Tag21:

(3$1 + % =30 — (.Il — 2(132 + $2021)2
3$2 + Z—i = 30 — (ZEQ — 2ZL‘3 +l‘1)2
3w+ 12 =30 — (x5 — 2x4 + 2)°

32020 + a:270521 = 30 — (w2020 — 2T2021 + T2019)°

[ 3T2021 + Z—? =30 — (22021 — 271 + 332020)2

Answer: T1 = Ty =+ = X021 — 5
3. Pemmre 114 MOJOKHATENBHBIX 1, T, . . . , T2021:
( 2
dx1 + m—g =20 — (z1 — 229 + T2001)?
5x9 + % =20 — (w9 — 223 + 71)?
Sxs + % =20 — (23 — 274 + 13)*

20 2
52020 + 55— = 20 — (Z2020 — 22021 + T2019)

[ DT2021 + % = 20 — (w2021 — 2@1 + T2020)?




Solve for positive 1, s, ..., Togo1:

(52, + % =20 — (x1 — 229 + x2021)2
52y + % =20 — (22 — 223 + x1)?
g+ 2 = 20 — (23— 20y + 22)?

20 2
DT 2020 + To0mr — 20 — (22020 — 22021 + T2019)

[ 5T2021 + % = 20 — (22021 — 271 + 332020)2

Answer: 11 =19 = -+ = X021 = 2
4. PemmTe 11 HOJOXKUTEJLHBIX X1, Lo, . . ., L2021
( 2
7$1 + £ = 28 — (271 — 21‘2 + $2021)2
Txo + % =28 — (w9 — 223 + 71)?
Trs + % =28 — (3 — 2x4 + T2)?

28 _ 2
Tx020 + 55~ = 28 — (72020 — 272021 + T2010)

( 72021 + % = 28 — (021 — 271 + T2020)?

Solve for positive xq, o, ..., Tog21:

(7331 + % =28 — (%1 — 2952 + .1'2021)2
Txy + % =28 — (w9 — 223 + 71)?
7373 + % =28 — (Ig — 21‘4 + $2)2

72020 + 1225521 = 28 — (2020 — 22021 + T2019)*

( TT2021 + % = 28 — (2091 — 221 + T2020)°

Answer: T1 = Tg = -+ = T2021 — 2

Solution (ENG). Explaining the solution of the 1st version of the task, the others are solved
similarly.
According to the Cauchy inequality, ax + % > 2v/ab holds for positive a, b, and the equality holds for
xr= \/g Thus, 2t + % > 12 and equality holds for t = 3.
By adding the equations of the original system we get

18 18
201+ — 4+ 2w + — + - -+ 29001 + =12-2021 - A
T1 T2

T2021

R while A = (iL’l — 2332 + 332021)2 + (332 — 2[1)3 + $1)2 + -+ (372021 — 21’1 + IL’2020)2 with A Z 0.

The left side of the obtained equality is not less than 12 - 2021 according to the Cauchy inequality, and
the right side is not more than 12 - 2021. This means that to achieve equality we need 1 = 29y = - =
To021 = 3, which gives A = 0. It is easy to verify that the specified variable values are appropriate.

If (while the rest of the reasoning is correct) it is not said that A = 0 with x; = -+ = Tgg = 3,
then 1 point is subtracted from the result.



Solution (RUS). Pas6op Bapuanrta N1, ocTagabHbIE PENIAIOTCS AHAJOTHIHO.
Corytacuo nepapenctBy Korm, jiist MOI0KATENIBHBIX ¢, b BBITIOJTHEHO a,aH—% > 2v/ab, npuyueMm paBeHCTBO
JOCTHTAeTCs TIPU & = \/g . Suagnr, 2t + % > 12 m paBeHCTBO JocTHTaETCd MpH ¢t = 3.
CriagpiBast ypaBHEHHS UCXOTHOM CUCTEMBI, TOJTYIUM

18 18
2ry + — + 2w+ — + -+ 29021 + =12-2021-A

T X2 L2021

, Tae A= (331 — 2$2 + 332021)2 + (:132 — 2%3 + 581)2 + e+ (1'2021 — 21’1 + xzogo)z, r.e. A Z 0.
JleBasg 4acThb NMOJIy9eHHOrO paBeHCTBA He Menbine 12 - 2021 coryacno HepasencTBy Koru, a npasas —

He Gosbrre 12 - 2021. 3HaunT, 11 JOCTHYKEHUS PABEHCTBA HEOOXOIUMO T = Ty = -+ = Toga] = 3, UTO
naetr A = 0. Jlerko ydoeanThbes, 9TO YKa3aHHbIE 3HAYEHHS [IEPEMEHHBIX MOIXOIAT.
Ecymn mpu BepHOCTH OCTAJIBHBIX pacCy»KIeHHH He yKazaHo, 910 A = 0 npu x1 = -+ = Toge1 = 3, TO

caumaercsa 1 6asi.



